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Mathematics is more than a set of tools for economic utility, or a series of hoops pupils
jump through to meet societal expectations. It is a way of thinking, a profound human
endeavour, and an intellectual pursuit that shapes our understanding of the world and
ourselves. In recent decades, the design of mathematics curricula has been hijacked by
technocrats who prioritise short-term economic outcomes, reducing mathematics to a
mere mechanism for generating workers for the marketplace.

But this view diminishes the true nature of mathematics. Mathematics is a beautiful
tangle of interconnected webs of ideas that stretches across centuries, cultures, and
disciplines. It is the foundation upon which countless scientific discoveries and
technological breakthroughs have been built, yet it is also a creative, imaginative
discipline that fosters curiosity, rigour, and a unique way of seeing the world.

A mathematics curriculum should not be designed with the sole purpose of feeding the
economy; instead, it should be a tool for growing people into mathematicians. Every
pupil should have the opportunity to engage with mathematics as a deeply human
pursuit, learning to ask questions, explore unknowns, and cultivate a mindset of
intellectual resilience.

Mathematicians are not mere problem-solvers; they are thinkers, creators, and explorers
of the unknown. Our curriculum must honour this by challenging pupils to embrace
ambiguity, enjoy the opportunity of being stuck, and revel in the beauty of discovery.
Mathematics is not a sterile, utilitarian subject — it is a journey that develops problem-
solving, critical thinking, and abstract reasoning skills, all while building a deep
understanding of the universe’s underlying structures.

By defending mathematics as an intellectual pursuit, we restore its rightful place in
education: not as a means to an end but as a discipline that transforms minds and grows
thinkers who can tackle the most profound challenges of our time. Mathematics is not
just for the marketplace - it is for the human mind.
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Executive Summary

In A Mathematics Manifesto, we reimagine the design of mathematics curricula as a
bold, future-facing initiative that reclaims mathematics from the narrow lens of
economic utility. Instead, we present mathematics as an intellectual pursuit — one that
shapes not only skilled professionals but also creative thinkers, critical problem solvers,
and explorers of the unknown. The manifesto challenges the current paradigm of
utilitarian, technocratic curriculum design and asserts that the true purpose of
mathematics education is to grow pupils into mathematicians. The manifesto advocates
for arigorous curriculum that balances direct instruction with opportunities for behaving
mathematically.

The Problem: A Narrowed View of Mathematics

In recent decades, mathematics curricula have been dominated by a focus on preparing
pupils forthe workforce, emphasising economic outcomes and standardised testing over
the intrinsic value of mathematical thinking. This has diminished mathematics to a
utilitarian subject, reducing its richness and stifling pupils’ curiosity. The
Mathematician’s Lament serves as a central metaphor in the manifesto, illustrating how
critical, foundational mathematical ideas often go unrecognised or unused, only to
resurface decades later when their relevance is rediscovered. This reflects a broader
systemic problem: a curriculum focused on short-term utility risks missing the long-term
importance of mathematical exploration and discovery.

The Solution: A Forward-Facing Mathematics Curriculum

The manifesto proposes a solution: a forward-facing mathematics curriculum
designed to prepare pupils not just for immediate economic utility, but for future
scientific, technological, and philosophical challenges. By treating mathematics as a
journey through interconnected threads, pupils learn to see the relevance and beauty of
mathematics at every level, from basic arithmetic to advanced topics like eigenvectors
and topology.

This curriculum is based on eight core threads:

Topology and Geometry

Abstract Algebra and Group Theory

Functional Analysis and Operator Theory
Category Theory

Graph Theory and Network Science

Nonlinear Dynamics and Chaos Theory
Mathematical Logic and Computability Theory
Mathematical Grammar
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Each thread is designed to provide a deep, interconnected understanding of
mathematics, equipping pupils with the tools to think critically, reason abstractly, and
engage with the most complex challenges of our time.

Mathematical Grammar: The Core of Rigorous Learning

The Mathematical Grammar thread underpins all others, ensuring that pupils develop
the fundamental tools — arithmetic, algebra, and geometry — that allow them to access
more advanced mathematical ideas. This thread emphasises the importance of direct
instruction and deliberate practice, ensuring that pupils build a strong foundation of
core knowledge, upon which the more exploratory threads can flourish.

Behaving Mathematically: The Heart of Exploration

The manifesto introduces “behaving mathematically” as a model for cultivating
curiosity and creativity. Pupils are encouraged to think and act like mathematicians:
asking questions, making conjectures, exploring patterns, and seeking solutions. This
approach emphasises structured exploration, where pupils engage deeply with
mathematical ideas while maintaining the rigour and discipline required for true mastery.

The Role of Teachers and Pupils: A Shared Journey

Atthe heart of this manifesto is the belief that teachers and pupils must both engage with
mathematics as an evolving journey. Teachers play a crucial role in roleplaying the
mathematician’s personality: embracing curiosity, revelling in uncertainty, and
demonstrating excitement when they encounter unknowns. By modelling this mindset,
teachers inspire pupils to become intrigued and interested, to ask their own questions,
and to explore mathematics in a way that fosters intellectual resilience.

Pupils, in turn, are encouraged to see mathematics not as a series of right or wrong
answers, but as a deep exploration of ideas, a creative process that often leads to
unexpected and enlightening results. The curriculum is designed to make these
explorations meaningful and purposeful, showing pupils how early concepts evolve into
more advanced topics and how everything they learn is connected.

Renewing the Gamble: Adapting Mathematics for the Future

The manifesto acknowledges the inherent gamble in designing a mathematics
curriculum. We cannot fully predict which areas of mathematics will be the most critical
in the future, as demonstrated by the resurgence of previously overlooked fields like
functional analysis in the age of deep learning and Al. Therefore, the manifesto proposes
that the curriculum be reviewed and renewed every five years, allowing for the
adaptation of threads and the incorporation of emerging mathematical ideas.
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This renewal process is key to ensuring that the curriculum remains relevant and forward-
facing, equipping pupils with the mathematical knowledge they will need to address
challenges we cannot yet foresee.

A Defence of Mathematics

Ultimately, this manifesto is a defence of mathematics itself. It argues that mathematics
is not merely a tool for economic gain, but a way of thinking, a lens through which we
explore the world, and a discipline that enriches human life. By designing a curriculum
that nurtures curiosity, fosters resilience, and engages with the depth and beauty of
mathematics, we defend the subject’s integrity and its essential role in the education of
future generations.

We do not ignore the demand society makes on schools to prepare pupils to participate
in the world with functional numerical skills, but argue that this is not the job of the
mathematics curriculum and such “life-skills” can be addressed in a separate subject
area.

A Mathematics Manifesto presents a vision for the future of mathematics education,
one that values the discipline as a fundamental human pursuit and an intellectual
journey that transforms both pupils and society.
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Chapter 1: Introduction — The Purpose of
Mathematics

Mathematics is far more than a utilitarian tool, more than a collection of formulas and
techniques to be memorised for exams or applied to solve problems with predictable
outcomes. It is a way of thinking that reaches into the very fabric of how we understand
the world and engage with the challenges we face as human beings. The central argument
of this manifesto is that mathematics education must reflect this reality. It must be
designed not just to serve short-term economic goals, but to cultivate deep thinkers,
problem solvers, and creative minds.

Mathematics as a Way of Thinking

For centuries, mathematicians have understood their discipline not merely as a way to
compute or solve equations, but as a lens through which to view the world. To be a
mathematician is to be curious, to seek patterns, to embrace uncertainty, and to take
delightin the challenge of the unknown. Mathematicians ask questions, test hypotheses,
and look for connections that others might not see. In this sense, mathematics is as
much about behaving mathematically — a phrase we will explore in depth throughout this
manifesto — as it is about mastering specific techniques.

Unfortunately, the way mathematics is often taught in schools today misses this rich,
exploratory nature of the subject. Pupils are conditioned to see mathematics as a set of
rules and procedures to be followed mechanically, with little room for creativity or
appreciation for the processes by which mathematical knowledge is produced. This
reduction of mathematics to a mere tool for economic utility has led to a narrowing of its
purpose in education, as well as a disconnection between the way the subject is
experienced in schools and the way it is practiced by mathematicians in the real world.

The Current State of Mathematics Education

In many parts of the world, mathematics education is focused on meeting short-term
economic needs. Curricula are often designhed around the skills deemed necessary for
the workforce —skills that can be easily measured through standardised tests. As aresult,
pupils are often pushed through a system that prioritises correct answers over deep
understanding, leaving little room for curiosity, intellectual risk-taking, or exploring novel
ideas in their full range of complexities.

This focus on utility is perhaps understandable in a world where economic competition
is fierce, and the demand for technical skills is high. But it is a short-sighted approach.
While preparing pupils for the workforce is a valid goal, it should not be the primary goal
of mathematics education. Mathematics is not simply a tool for industry; it is a
fundamental human pursuit, a way of knowing and engaging with the world that is
valuable in its own right.
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Reducing mathematics to a means of economic production robs it of its true power. It
stifles the creativity, curiosity, and intellectual rigour that are at the heart of the subject.
More importantly, it deprives pupils of the opportunity to experience the beauty and joy
of mathematics — the thrill of uncovering a new pattern, the satisfaction of solving a
difficult problem, the deep understanding that comes from making connections between
seemingly unrelated ideas.

The Call for a New Vision

This manifesto calls for a new vision for mathematics education —one that recognises the
true purpose of the subject and reflects its broader significance in human life. At the core
of this vision is the belief that mathematics education should not merely produce
workers for the economy but should grow individuals into mathematicians.

What does it mean to “grow a mathematician”? It means cultivating in pupils the habits
of mind that characterise mathematical thinking. It means encouraging them to be
curious, to ask questions, to explore ideas, and to embrace the challenge of the
unknown. It means helping them develop the intellectual resilience to persist when they
are stuck, the ingenuity to find new approaches to problems, and the critical thinking
attitude to evaluate their own ideas.

This new vision for mathematics education is forward-facing. It is designed not just to
meet the needs of the present but to anticipate the challenges of the future. It
acknowledges that we cannot predict exactly which mathematical ideas will be most
important in the decades to come, but it commits to building a curriculum that equips
pupils with the tools to think deeply and flexibly, to adapt to new situations, and to engage
with the world in a meaningful way.

A Broader View of Knowledge

In advocating for this new vision, we are not merely suggesting a change in the content of
mathematics education. We are calling for a fundamental shift in how we view the
subject and its place in education. Mathematics is not just a body of knowledge to be
mastered; it is a way of knowing, a method of inquiry that can be applied to any area of
human thought. As such, it should be treated not as a narrow technical subject, but as a
discipline that touches on every aspect of life.

This is where the idea of behaving mathematically comes in. Behaving mathematically
is about more than following procedures or solving problems. It is about engaging with
the world in a certain way — by asking questions, seeking patterns, and thinking deeply. It
isabout being curious and open to new ideas, about being willing to take intellectual risks
and embrace uncertainty. In short, itis about approaching the world with a mathematical
mindset.
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Mathematics, then, is not just for those who plan to become engineers, scientists, or
economists. Itis for anyone who wants to engage deeply with the world, to think critically,
and to solve problems creatively. It is for anyone who wants to understand the patterns
that underlie the universe, from the most basic arithmetic to the most advanced
theoretical physics.

The Journey Ahead

In the chapters that follow, this manifesto will lay out a detailed plan for how we can
realise this new vision of mathematics education. We will explore the key threads of
mathematical thinking that should be woven into the curriculum, discuss the role of
teachers and pupils in bringing this vision to life, and provide a framework for evaluating
and renewing the curriculum over time.

At its heart, this manifesto is a defence of mathematics — a defence against the narrow
view thatitis simply atoolforeconomic production. Itis a call to recognise the true power
and beauty of mathematics, to reclaim its place as a fundamental human pursuit, and to
ensure that every pupil experiences the joy and satisfaction of behaving mathematically.

As we embark on this journey, we will be guided by a simple but profound belief: that
mathematics, when taught well, has the power to transform minds, shape the way we
see the world, and help us overcome the greatest challenges of our time. This is the vision
of mathematics that this manifesto seeks to bring to life.
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Chapter 2: The Mathematician’s Lament

Missing Opportunities in Mathematical Education

In every generation, mathematics education has faced a fundamental dilemma: which
areas of mathematics should be emphasised, and how should they be taught? Over the
last few decades, many profound mathematical ideas have been neglected in school
curricula. These concepts, though seemingly abstract orirrelevant at the time, have since
become critical to major human advancements. This chapter explores the
consequences of these oversights, reflecting on missed opportunities, and advocating
for a more forward-thinking approach to mathematics education that can anticipate the
future needs of both pupils and society.

The mathematician’s lament reflects a collective regret among those who have spent
their lives deeply engaged in mathematics. For many, their early education failed to
expose them to ideas that have since proved to be extraordinarily important. The
chapter’s title refers to this bittersweet regret, a feeling shared by many mathematicians
who, during their university education, missed out on critical concepts that later became
central to their fields. While they were well-trained in traditional topics, they were left in
the dark about ideas that were dismissed as irrelevant at the time, only to later realise
their significance.

AlexNet and the Revival of “Useless” Mathematics

One of the most striking examples of this lament comes from the story of AlexNet, a
neural network that revolutionised artificial intelligence in 2012 by winning the ImageNet
competition with a staggering performance improvement over all other competitors.
What is particularly fascinating about AlexNet is that it relied on mathematical
techniques that had largely been forgotten or fallen out of fashion in the 1980s and 1990s.

At the time, neural networks were considered impractical, both in terms of
computational power and utility. However, the architects of AlexNet — Geoffrey Hinton,
Alex Krishevsky, and Ilya Sutskever —tapped into this “abandoned” mathematical territory
and used it to create a model that outperformed all other machine learning methods of
the time. By reviving convolutional neural networks and backpropagation, they
demonstrated that mathematics dismissed by one generation could become the
foundation for breakthroughs in the next.

This story illustrates how mathematics that seems “useless” at one time can suddenly
become indispensable. If mathematics education had been more forward-facing,
encouraging exploration in underutilised or unexplored areas, perhaps more pupils
would have been exposed to the ideas that eventually shaped the Al revolution. The key
lesson from AlexNet is clear: we cannot predict which areas of mathematics willbecome
important, but we must provide pupils with a broad and deep foundation to explore the
full breadth of the subject.
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The Cost of Narrowing Focus

In the 1980s and 1990s, the mathematics curriculum at many universities focused
heavily on classical areas such as calculus, linear algebra, and differential equations.
While these areas are undoubtedly important, they were taught with an emphasis on their
applications in fields like physics and engineering, at the expense of other emerging
fields. Concepts from graph theory, topology, and abstract algebra were often relegated
to optional courses or considered too theoretical to be of practical use.

The consequences of this narrow focus became clear as new technologies emerged. In
fields such as cryptography, data science, and network theory, the mathematical tools
that have proved most useful were those considered “esoteric” or “abstract” at the time.
Mathematicians who graduated without exposure to these fields found themselves
having to teach these concepts to themselves later in life. This has created a generation
of professionals who, despite their deep mathematical expertise, often lament the fact
that their formal education did not equip them with the tools needed to engage with these
cutting-edge developments.

In school curricula, this narrowing has often been the result of politicians who know little
about mathematics in its true sense attempting to replicate the mathematics education
of their youth. Arecent example of this can been seen in the current National Curriculum
for mathematics in England, which includes the requirement for pupils to learn about
Roman numerals; a number and calculation system that held back mathematical
developments for around 1500 years. It is critical, if we are to achieve the aims of this
manifesto, that those who influence the design of new mathematics curricula
understand mathematics for what it is — a way of being, a way of thinking.

The mathematician’s lament is not just about what was missing in the past-itis acallto
ensure that future generations of pupils are given the opportunity to explore a wider range
of mathematical ideas, so they are not caught unprepared when new fields and
technologies arise. This requires a shift in how we think about curriculum design, placing
greater emphasis on exploration, curiosity, and a broad mathematical foundation.

Broadening the Curriculum for Future Generations

To avoid repeating the mistakes of the past, we must rethink how we design mathematics
curricula at both the school and university levels. Instead of focusing narrowly on a few
key areas, we must create curricula that expose pupils to a wide variety of mathematical
fields. This includes both classical areas, such as calculus and algebra, and more
abstract or emerging fields, such as category theory, graph theory, and functional
analysis.

By doing so, we prepare pupils not just for the mathematical challenges of today, but for
the unknown challenges of tomorrow. The fields that seem “irrelevant” now may prove to
be the foundation for the next major technological revolution, just as convolutional
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neural networks did for artificial intelligence. A forward-facing curriculum would provide
pupils with the tools to explore these areas, even if their immediate utility is not yet
apparent.

This broader curriculum would also emphasise the connections between different areas
of mathematics. Too often, pupils are taught mathematics as a series of isolated topics,
with little understanding of how these ideas fit together. By emphasising the
interconnectedness of mathematical ideas, we can help pupils see the bigger picture,
giving them a more holistic understanding of the subject.

The Role of Mathematical Curiosity

At the heart of this forward-facing approach is the need to cultivate curiosity in pupils.
The mathematician’s lamentis not just a lament for the ideas that were missed —itis also
a lament for the curiosity that was not nurtured. Too often, pupils are taught to see
mathematics as a set of rules to be followed, rather than as a dynamic field of inquiry
where new discoveries are constantly being made.

By designing opportunities for pupils to behave mathematically — to ask questions,
explore new ideas, and take intellectual risks — we can foster the kind of curiosity that
leads to breakthroughs. In the same way that Hinton, Krishevsky, and Sutskever explored
the neglected territory of neural networks, future generations of pupils must be
encouraged to explore the unknown, even if it takes them outside the well-worn paths of
the traditional curriculum.

Mathematics education should not only be about training pupils in the mathematics
knowledge of today, it should also be about knowledge systems —which is to say, it should
be about ensuring pupils understand the intellectual and creative processes by which
new mathematical knowledge comes into existence. This requires us to give ample
opportunities for pupils to ask their own questions and develop the tools they need to
answer them. This is the true spirit of mathematics, and it is the antidote to the
mathematician’s lament.

Avoiding Future Laments

The mathematician’s lamentis a cautionary tale for educators and curriculum designers.
It reminds us that the mathematical ideas we choose to emphasise today may not be the
ones that are most important in the future. To avoid future laments, we must design
curricula that are broad, deep, and forward-facing, exposing pupils to a wide range of
mathematical ideas and encouraging them to explore the unknown.

We must recognise that mathematics is not a static field - it is constantly evolving, with
new areas of inquiry emerging all the time. By preparing pupils for this dynamic
landscape, we can ensure that they are not only equipped to solve the problems of today
but also to create the solutions of tomorrow. The mathematician’s lamentis not a lament
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of failure, but a call to action, urging us to build a mathematics education system that is
as forward-thinking as the field itself.
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Chapter 3: The Forward-Facing Curriculum

Rejecting the Misconception of Mathematics as Merely Numeracy

There has been a persistent call from industry leaders, policymakers, and others outside
the field of mathematics, advocating for a school mathematics curriculum that focuses
primarily on numeracy — the basic numerical skills deemed necessary for everyday life
or the workplace. This reductionist view suggests that mathematics should primarily
equip pupils with the practical tools to handle the mundane tasks of adult life: paying
bills, calculating interest rates, understanding percentages, and other such utilitarian
functions. This argument fundamentally misunderstands the purpose and beauty of
mathematics and is a stark misrepresentation of what mathematics truly is.

Mathematics is being uniquely diminished by these calls. No other subject in the
curriculum is burdened with the responsibility of readying pupils for their adult lives in
this way. The art teacher is not expected to teach pupils how to paint their walls at home
for future DIY projects. The music teacher is not tasked with ensuring pupils can play
simple tunes to entertain themselves at home. Instead, these subjects are taught to
inspire creativity, to foster a love of their respective fields, and to open minds to the
beauty and power of human expression. Why, then, should mathematics — the most
profound of all intellectual pursuits — be reduced to nothing more than a collection of
practical tools?

Mathematics as a Human Endeavor

Mathematics is not simply the study of numbers and operations. It is a way of thinking,
a framework for understanding the universe, a journey into abstract reasoning, and the
pursuit of intellectual challenges. Reducing mathematics to basic numeracy skills is like
reducing literature to teaching pupils how to read street signs or like reducing history to
remembering dates without understanding the forces and ideas that shaped human
civilisation.

If we consider mathematics solely in terms of its utility for basic numeracy, we rob pupils
of the opportunity to engage in mathematical beauty, curiosity, and discovery.
Mathematics is about patterns, relationships, structure, and proof — it is about asking
deep questions and following them into unknown territory. It is a discipline that
encourages rigorous thought, imagination, and perseverance through intellectual
difficulty.

Addressing the Real Issue

Of course, there is value in preparing pupils for adult life and its responsibilities, but it is
entirely misguided to place the burden of life preparation on mathematics alone. If the
real concern is ensuring that pupils are equipped to handle everyday tasks, then the
solutionis notto distort mathematics to fit that mould. Instead, schools should introduce
a new subject — perhaps something akin to “Life Skills” — which can explicitly address
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financial literacy, household management, basic legal understanding, and other
practical competencies that are undeniably important.

Let mathematics remain true to itself — a subject that stretches the mind, sharpens
logical reasoning, and fosters a love for exploration and abstract thought. Let
mathematics be the discipline that prepares pupils not for the mundane tasks of life, but
for the intellectual challenges of the future. Whether pupils go on to become engineers,
scientists, economists, or artists, the rigour and creativity of mathematics will serve them
well far beyond the narrow confines of numeracy.

Mathematics: A Field for Everyone, Not Just the Workplace

It is essential to reject the idea that school mathematics is a preparation for the
workplace and nothing more. Mathematics is for everyone, connecting diverse fields of
human endeavour. The knowledge and discipline gained through studying mathematics
enable pupils to tackle a wide array of challenges, not just in their careers, but in life as
thinking, rational beings.

The demand for numeracy-focused curricula overlooks the fact that mathematical
thinking is valuable in every context. Whether pupils pursue careers in the humanities,
sciences, arts, or business, the logical structure and problem-solving aptitudes
fostered by mathematics will give them the tools to analyse problems critically, think
creatively, and solve challenges in a variety of contexts.

By embracing a forward-facing, holistic view of mathematics, we free the subject from
the false constraints of practical numeracy and restore its rightful place as a discipline of
profound intellectual exploration. We should reject the narrow view that mathematics
is about preparing pupils for the mundane tasks of adult life, and instead, allow it to
inspire pupils to think, create, and discover.

If we must prepare pupils for life’s everyday challenges, let that be the job of a different
subject designed specifically for the task — leave mathematics to build minds and expand
horizons.

By rejecting the call for the mathematics curriculum to be consumed by topics such as
financial literacy, we clear the decks and create breathing space for mathematics itself.
This allows us to produce a mathematics curriculum in this manifesto unlike any
curriculum currently in place in schools - by freeing up so much curriculum time, we can
introduce fascinating and important areas of mathematics often the preserve of later
study or private enrichment.

A Curriculum for the Future

A forward-facing mathematics curriculum isn’t just about preparing pupils for the
technological and scientific advancements of tomorrow - it’s about building a strong,
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coherent foundation at every step of their education. It ensures that the methods used to
teach each mathematical concept hold true for the more advanced ideas pupils will
encounterinthe future. This approach rejects the use of oversimplified tricks or shortcuts
that may offer short-term gains but hinder long-term understanding. Instead, it
emphasises the importance of rigour, accuracy, and continuity in mathematical
instruction, starting from the earliest grades.

The core philosophy of the forward-facing curriculum is simple: every mathematicalidea
introduced must be rigorous enough to support future learning. Whether a child is
learning basic arithmetic, geometry, or algebra, they are laying the groundwork for the
advanced mathematics they will study later. The curriculum, therefore, must always have
one eye on the future, ensuring that each concept is taught in a way that prepares pupils
for what lies ahead.

Threads Connecting Early Learning to Advanced Concepts

Mathematics is often mistakenly taught as a series of disconnected topics. Pupils move
from one unit to the next, with little understanding of how these concepts connect. A
forward-facing curriculum takes the opposite approach, emphasising that each
mathematical idea is part of a larger journey. The foundation laid in early education is
critical for understanding more advanced concepts later.

For example, consider the teaching of place value in elementary school. When pupils are
taught place value only in base 10, they may struggle later when they encounter algebra
or polynomial expressions. By introducing pupils to arithmetic in different bases — such
as base 2 (binary) or base 16 (hexadecimal) — they develop a more flexible understanding
of place value. This flexibility is essential when they encounter algebraic expressions like
x2 + 5x + 6, which can be viewed simply as representations of numbers in an unknown
base.

This kind of thread runs throughout the curriculum. The geometry pupils learn in
elementary school about shapes, symmetry, and transformations later connects to the
study of topology and differential geometry in higher education. Early exposure to simple
geometric transformations, such as reflections and rotations, prepares pupils for more
complex discussions about manifolds and curvature. In a forward-facing curriculum,
nothing is taught in isolation. Every concept builds on what came before and sets the
stage for what comes next.

Methodological Rigour Across Grades

One of the most damaging practices in mathematics education is the reliance on
shortcuts and tricks to get pupils through a lesson or an exam. These tricks may offer
short-term results, but they often come at the expense of deep understanding. When
pupils are taught superficial methods, they develop a shaky foundation that can collapse
when they encounter more complex mathematical ideas.
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Take, for example, the common trick of “cross-multiplying” when solving proportions.
While this technique may help pupils get the correct answer quickly, it bypasses the
deeper understanding of why the method works. Pupils who rely on this shortcut often
struggle later when they are introduced to more sophisticated algebraic concepts, such
as solving rational equations. They lack the conceptual grounding to understand what is
happening beneath the surface of the procedures they are using.

A forward-facing curriculum rejects these shortcuts. Instead, it emphasises
methodological rigour at every stage of learning. When pupils are taught how to solve
problems, they are given the tools to understand the underlying principles. In the case of
proportions, for example, pupils are taught to think about ratios, equivalence, and the
relationships between quantities, rather than simply memorising a mechanical
procedure.

This commitment to rigour is especially important in the teaching of algebra. Algebra is
often taught as a series of rules and procedures to be followed mechanically, without a
deep understanding of the underlying concepts. However, when algebra is introduced as
a continuation of the place value system pupils have already mastered, it becomes a
natural progression rather than a sudden leap into abstraction. Pupils who have worked
with numbers in multiple bases are well-prepared to understand algebra as a
generalisation of what they already know.

The forward-facing curriculum ensures that teachers at every grade level are preparing
pupils not just for the immediate task at hand, but for the mathematical challenges they
will face in the future. The methods and approaches used in elementary school should
still hold true when pupils encounter more advanced topics in high school and beyond.

Ensuring Future Relevance

The future of mathematics is unpredictable. We cannot know for certain which areas of
mathematics will be most critical in the decades to come. However, we can anticipate
certain trends and ensure that pupils are equipped with the skills and concepts that will
allow them to adapt to new developments.

The forward-facing curriculum is designed to future-proof pupils by emphasising not only
the foundational skills of arithmetic, algebra, and geometry, but also by introducing them
to more advanced areas of mathematics that are likely to play an important role in the
future. These include areas such as graph theory, category theory, and network science,
all of which are becoming increasingly relevant in fields such as computer science,
artificial intelligence, and data analysis.

At the same time, the curriculum must remain flexible. The mathematical landscape will
continue to evolve, and the curriculum must be regularly reviewed and updated to reflect
these changes. The forward-facing curriculum is not static; it is a living document that
adapts to new discoveries and emerging needs. This ensures that pupils are always
receiving the most relevant and up-to-date mathematical education.
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Forward-Facing as a Philosophy

The forward-facing curriculum is more than a collection of mathematical concepts; it is
a philosophy of education. It is about ensuring that every mathematical idea introduced
at any level is rigorous enough to hold true for future concepts. It is about rejecting
shortcuts and tricks in favour of deep, conceptual understanding. And itis about ensuring
that pupils are prepared not just for the next test, but for the mathematical challenges
they will encounter throughout their lives.

By emphasising rigour, accuracy, and continuity, the forward-facing curriculum prepares
pupils to become true mathematicians - individuals who can think critically, solve
complex problems, and adapt to the ever-changing mathematical landscape.
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Chapter 4: Eight Mathematical Threads

Mathematics is a vast landscape, and designing a curriculum that encompasses all its
essential aspects is a challenging task. This chapter will focus on eight core
mathematical threads or “threads” that we believe are fundamental to preparing pupils
for the future. These threads represent areas of mathematics that are not only
foundational but also have the potential to drive innovation and technological progress
in the coming decades. Together, these threads form the backbone of the forward-facing
curriculum proposed in this manifesto.

Each thread represents a critical area of mathematical thought, ranging from
fundamental concepts to abstract, cutting-edge topics. Importantly, these threads do
not exist in isolation; they are interconnected, with each one reinforcing and illuminating
the others. These connections create a rich, web-like structure that mirrors the way
mathematics is learned and applied in the real world. The goal is to give pupils not just
knowledge of these areas but an understanding of how they relate to each other and to
the broader world of mathematics.

1. Topology and Geometry

Topology and geometry form the foundation of spatial reasoning, and their applications
extend far beyond the classroom. Geometry starts with basic shapes and measurements
but expands into more abstract ideas like transformations, symmetry, and, ultimately,
topology - the study of spaces and how they can be deformed. Topology plays a critical
role in fields like computer graphics, robotics, and even data science, where the structure
of data can be understood topologically.

In the classroom, this thread begins with simple geometry (such as understanding
shapes and symmetry) and evolves into more complex topics like the properties of space,
deformations, and manifolds. By the end of high school, pupils will have a solid
understanding of both Euclidean geometry and the more flexible world of topology.

2. Abstract Algebra and Group Theory

Abstract algebra, and particularly group theory, forms the backbone of modern algebraic
thought. Group theory, in particular, is vital in understanding symmetries and
transformations, whether in solving Rubik’s cubes or in advanced physics. The principles
of abstract algebra are also critical in cryptography, coding theory, and many areas of
computer science.

Thisthread introduces pupils to basic algebraic structures in middle school and gradually
expands into more abstract concepts like groups, rings, and fields. By connecting these
ideas to practical applications — such as encryption algorithms — pupils will see the real-
world importance of abstract algebra.

A Mathematics Manifesto Mark McCourt



3. Functional Analysis and Operator Theory

Functional analysis extends the ideas of calculus and linear algebra into more complex
spaces, with applications in quantum mechanics, signal processing, and even machine
learning. Operator theory is crucial in understanding the behaviour of functions, whether
in mathematics, physics, or computer science.

Pupils begin with calculus and linear algebra in high school, but this thread pushes them
further into the world of infinite-dimensional spaces and operators. By exploring these
advanced topics, pupils are better prepared for university-level mathematics and many
applied fields.

4. Category Theory

Category theory is a relatively new field that has transformed mathematics by providing
a unifying framework for understanding different areas. It is particularly important in
modern computer science, where it has applications in programming languages,
databases, and software engineering.

This thread truly comes to life later in the curriculum, once pupils have a firm grounding
in algebra and topology. By the time pupils reach high school, they will be ready to explore
the abstract, but incredibly powerful, ideas of category theory.

5. Graph Theory and Network Science

Graph theory and network science are critical in today’s data-driven world. From social
networks to the internet, graphs and networks are everywhere. Understanding how these
structures work allows pupils to tackle problems in a wide variety of fields, from
epidemiology to logistics.

This thread includes simple concepts like trees and connected graphs in middle school
and evolves into more advanced ideas like network flows and graph algorithms in high
school. By the time pupils leave school, they will have a strong foundation in a field that
is essential for many modern technologies.

6. Nonlinear Dynamics and Chaos Theory

The world is full of systems that behave unpredictably —weather patterns, stock markets,
even the movement of planets. Nonlinear dynamics and chaos theory provide the
mathematical tools to study these systems, helping us understand why small changes
can lead to dramatically different outcomes.

This thread introduces pupils to basic concepts in calculus and differential equations,
but it quickly moves into more complex topics like phase space, attractors, and
bifurcations. By exploring these ideas, pupils gain insight into the unpredictable nature of
the world and the mathematical tools we use to model it.
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7. Mathematical Logic and Computability Theory

Mathematical logic forms the foundation of reasoning and proof, while computability
theory addresses the limits of what can be computed. These fields are critical in
understanding the power and limitations of computers, and they are essential for pupils
who want to pursue careers in computer science, artificial intelligence, or theoretical
mathematics.

This thread introduces pupils to basic logic and proof techniques in middle school, and
it gradually expands into more advanced topics like Gddel’s incompleteness theorems
and the theory of computation. By the end of high school, pupils will have a solid
understanding of the limits of mathematical reasoning and computation.

8. Mathematical Grammar

Mathematical grammar is the foundational thread that runs through every aspect of the
curriculum. It covers the essential building blocks of mathematics, such as arithmetic,
algebra, geometry, and basic number theory. Without a strong understanding of these
core concepts, pupils cannot fully engage with the more advanced topics in the other
threads.

This thread starts in elementary school, where pupils are introduced to basic arithmetic
and geometry, and it continues through middle and high school, where pupils explore
algebra, calculus, and number theoryin more depth. The goalis to ensure that every pupil
has a firm grasp of the essential tools they need to succeed in higher mathematics.

A Coherent and Forward-Facing Curriculum

These eight threads represent the core of the forward-facing mathematics curriculum. By
focusing on these areas, we are not only preparing pupils for the mathematical
challenges of today but also giving them the tools they need to engage with the
mathematical developments of tomorrow. Each thread is designed to be rigorous,
interconnected, and adaptable, ensuring that pupils leave school with a deep and flexible
understanding of mathematics.
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Chapter 5: Mathematical Grammar - The Foundation

Mathematical grammar is the foundation upon which all other mathematical ideas are
built. It includes the essential concepts and techniques that are used in every area of
mathematics, from the basic arithmetic taught in elementary school to the advanced
calculus and algebra studied in high school. Without a strong understanding of
mathematical grammar, pupils will struggle to engage with more complex topics. This
chapter will explore the critical importance of mathematical grammar and how it
underpins the entire curriculum.

The Building Blocks of Mathematical Grammar

Mathematical grammar includes the core ideas and skills that are essential for all areas
of mathematics. These include:

e Arithmetic: The basic operations of addition, subtraction, multiplication, and
division. Understanding arithmetic is essential for everything from algebra to
calculus to statistics.

e Algebra: The language of mathematics. Algebra is used to represent numbers and
relationships in a more abstract form, allowing us to solve a wide range of
problems.

e Geometry: The study of shapes, sizes, and the properties of space. Geometry is
critical for understanding both the physical world and more abstract
mathematical ideas.

e Number Theory: The study of integers and their properties. Number theory forms
the basis for much of modern cryptography and has applications in fields as
diverse as computer science and physics.

These building blocks are introduced in elementary school and developed throughout
middle and high school, ensuring that pupils have a deep understanding of the essential
concepts they will need for more advanced study.

Place Value and Arithmetic in Multiple Bases

One of the most important aspects of mathematical grammar is place value. As
discussed earlier in this manifesto, place value is the key to understanding both
arithmetic and algebra. To truly understand place value, pupils need to work with
arithmetic in multiple bases, we suggest from base 2 to base 16. This allows them to see
the general principles behind place value and prepares them for more abstract concepts,
such as algebraic expressions.

By working with multiple bases, pupils gain a deeper understanding of arithmetic and
place value. This prepares them for the study of algebra, where numbers are represented
symbolically, and the base is often unknown. The ability to generalise place value is
essential for success in higher mathematics.
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Algebra as a Generalisation of Arithmetic

Algebra is often seen as a separate and abstract area of mathematics, but in reality, it is
simply a generalisation of arithmetic. The rules of arithmetic apply just as well to
algebraic expressions as they do to numbers. This is why it is so important to teach
arithmetic rigorously and accurately in the early years of schooling.

When pupils understand arithmetic deeply, they can easily transition to algebra. They will
see those algebraic expressions, such as x? + 5x + 6, are just a more general form of the
numbers they have been working with in arithmetic. This connection is critical for helping
pupils develop a strong understanding of algebra and preparing them for more advanced
topics like calculus and number theory.

Ensuring Rigour and Accuracy in Mathematical Grammar

One of the biggest challenges in teaching mathematical grammar is ensuring that it is
taught rigorously and accurately. Too often, teachers rely on shortcuts and tricks to help
pupils get through lessons. While these methods may help pupils in the short term, they
ultimately undermine their understanding of mathematics.

For example, teaching pupils “KFC” when working with fractions may get them the right
answer, but it doesn’t help them understand the underlying relationships, boundaries or
principles and doesn’t deepen their understanding of why the technique works or how it
connects to algebra and rational equations. In a forward-facing curriculum,
mathematical grammar is taught rigorously and conceptually, ensuring that pupils grasp
the underlying principles, not just the superficial techniques.

To ensure that mathematical grammar is taught rigorously, teachers must avoid shortcuts
and tricks, and instead focus on the conceptual integrity of each idea. This means
teaching pupils not only how to perform mathematical operations but also why those
operations work. By doing so, we give pupils a deeper understanding of the fundamental
principles of mathematics and prepare them for success in higher-level courses.

Connecting Grammar to Advanced Mathematics

Mathematical grammar is not just the foundation for elementary arithmetic and algebra;
it also underpins more advanced areas of mathematics. For example, understanding
place value and arithmetic is essential for learning about polynomials and functions in
algebra. Similarly, geometry is the foundation for understanding more advanced topics
like topology and differential geometry.

By emphasising the connections between mathematical grammar and advanced topics,
we help pupils see the continuity of mathematics. This approach prepares pupils for the
more abstract concepts they will encounter in high school and university, ensuring that
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they are not just learning isolated techniques, but are developing a deep and
interconnected understanding of mathematics.

Mathematical Grammar as the Key to Success

Mathematical grammar is the foundation upon which all other mathematical knowledge
is built. By ensuring pupils have a strong understanding of the essential concepts in
arithmetic, algebra, and geometry, we prepare them for success in both school and life.
The forward-facing curriculum emphasises rigour, accuracy, and conceptual
understanding, ensuring that pupils are not just memorising rules but are developing a
deep understanding of how mathematics works.

By prioritising mathematical grammar, we lay the groundwork for pupils to explore more
advanced mathematical ideas with confidence and curiosity. Mathematical grammar is
not just the starting point of a pupil’s journey - it is the thread that connects all
mathematical learning, from the earliest lessons in arithmetic to the most complexideas
in algebra and beyond.
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Chapter 6: Place Value in Known and Generalised
Number Systems

The Foundation of Place Value

At the heart of arithmetic, and by extension all of school-level mathematics, lies the
concept of place value. It is the principle that allows us to represent numbers efficiently,
using only a small set of digits. By learning that the position of a digit in a numeral
determines its value (e.g., in the base 10 number 123, the ‘1’ stands for one hundred, the
‘2’ for twenty, and the ‘3’ for three units), pupils begin to understand how our base 10
system works. But while place value in base 10 is essential, it represents only one of many
possible number systems.

In most mathematics curricula, place value is taught exclusively in base 10, since itis the
system most commonly encountered in everyday life. However, restricting place value
instruction to base 10 is a missed opportunity to help pupils develop a deep, flexible
understanding of the concept. Arithmetic in multiple bases, ranging from base 2 (binary)
to base 16 (hexadecimal), should be integrated into school mathematics. By doing so, we
give pupils a much broader view of number systems, laying the groundwork for their
eventual understanding of algebra and more abstract mathematical ideas.

In this chapter, we argue for the inclusion of arithmetic in multiple bases in the
curriculum, showing how it leads to a richer understanding of place value, and how this
expanded view provides the foundation for algebra and other advanced areas of
mathematics.

The Limitations of Base 10

Teaching place value exclusively in base 10 is like teaching a narrow version of a much
broader and more powerful concept. In base 10, we rely on ten digits — 0 through 9 - to
represent numbers, and the position of each digit corresponds to powers of 10. For
example, the number 347 can be broken down as:

347 =3 x10% + 4 x 10* + 7 x 10°

While pupils typically become comfortable with this system, they may fail to grasp the
broader principle of place value, seeing it as something unique to base 10. As a result,
when pupils are later introduced to algebra — where place value becomes generalised
and the base is often unknown — many struggle to understand how algebraic expressions
relate to the numbers they have worked with in arithmetic.
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This narrow focus on base 10 also leads to a weak conceptual understanding of base
systems in general, making it difficult for pupils to understand more advanced
mathematical ideas like modular arithmetic, abstract algebra, the use of binary and
hexadecimal in computer science, or simply calculating with hours, minutes and
seconds.

Place Value in Multiple Bases

The concept of place value is not unique to base 10 - it applies to any number system.
Each base system uses a different set of digits and powers to represent numbers. In base
2, forinstance, there are only two digits: 0 and 1. The number 1011 in base 2 is calculated
as:

1011, =1x234+0x%x224+1x2'+1x2% (i.e. 11 in base 10)

In base 16 (hexadecimal), which uses 16 digits (0-9 and A-F), the number 1A3 can be
broken down as:

143, =1x 16% 4+ 10 x 161 + 3 x 16° (i.e. 419in base 10)

By teaching pupils arithmetic in these alternative bases, we broaden their understanding
of place value and help them see it as a general principle rather than something specific
to base 10.

One of the mostimportant educational outcomes of learning arithmetic in multiple bases
is the realisation that the structure of numbersin base 10 is not unique. The numeral 156
in base 10 is conceptually identical to the expression x> + 5x + 6 in algebra. The only
difference is that the base in the first example is known (10), while the base in the second
example is an unknown variable x. This insight leads directly to a deeper understanding
of algebra.

The Bridge to Algebra

The true power of understanding place value across multiple bases lies in its ability to
serve as a bridge to algebra. Algebra is often introduced to pupils as something entirely
new and abstract, disconnected from the arithmetic they have been working with for
years. However, when pupils initially understand algebraic expressions as simply
numbers in an unknown base, algebra becomes a natural extension of the arithmetic they
already know.

For example, consider the algebraic expression:

x> +5x+6
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This is structurally identical to the base 10 expression for 156:

1x10%+4+5x%x 10"+ 6 x 10°

When pupils see this connection, algebra no longer feels like an abstract, foreign
concept. Instead, it becomes a familiar idea — a generalisation of place value that they
have already mastered in arithmetic. By introducing arithmetic in multiple bases early on,
we prepare pupils for this transition, making algebra easier to understand and more
coherent.

This generalisation of place value also leads to a deeper understanding of polynomials,
where coefficients represent values in a generalised base and exponents represent
positions in that base.

Preparing Pupils for Advanced Mathematics

In addition to serving as a bridge to algebra, an understanding of place value in multiple
bases prepares pupils for a wide range of advanced mathematical concepts. For
example, modular arithmetic — used in cryptography and number theory — can be
understood as a form of arithmetic in a finite base. Binary and hexadecimal arithmetic
are essential for understanding how computers represent and process data. Without a
solid understanding of how place value operates in different bases, pupils will struggle to
engage with these more advanced ideas.

By teaching pupils to work in multiple bases, we provide them with the tools they need to
succeed in these fields. More importantly, we give them the flexibility to understand the
underlying principles of place value, which they can apply to any mathematical problem
involving number systems, algebraic expressions, or abstract structures. Pupils move
away from a limited view of place value as a labelling system (hundreds, tens, units, etc)
and instead come to realise place value is a description of the relationship between
numbers, numerals, and digits.

Implementing Multi-Base Arithmetic in the Curriculum

To incorporate arithmetic in multiple bases into the curriculum, we propose introducing
base 2 (binary) arithmetic in elementary school, alongside base 10. This can be done with
simple counting exercises and addition problems. As pupils progress, they can be
introduced to base 5 and base 8 arithmetic, gradually expanding their understanding of
how different bases work.

By middle school, pupils should be working regularly in base 16 (hexadecimal), learning
how to perform arithmetic operations in this system and convert between bases. This not
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only strengthens their understanding of place value but also prepares them for the
computational applications of number systems they will encounter in high school and
beyond.

At the high school level, pupils should be connecting their understanding of arithmetic in
multiple bases to polynomials and algebraic expressions. They should see that
polynomials can be considered as numbers in a generalised base, and they should be
able to manipulate these expressions confidently, drawing on the skills they have
developed from working in different number systems.

The Power of Place Value in a Forward-Facing Curriculum

Place value is not just a foundational concept for arithmetic - it is the key to
understanding algebra, polynomials, and advanced mathematical structures. By
broadening pupils’ understanding of place value to include arithmetic in multiple bases,
we provide them with a much deeper and more flexible understanding of mathematics.
This prepares them not only for algebra but also for the wide range of mathematical
challenges they will face in the future, from cryptography to computer science to abstract
algebra.

A forward-facing curriculum must recognise the importance of place value and ensure
that pupils are exposed to its full potential. By integrating arithmetic in multiple bases
throughout the curriculum, we help pupils build a strong, interconnected foundation that
will support their mathematical learning for years to come.
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Chapter 7: Behaving Mathematically - The Heart of
Exploration

From Inquiry Learning to “Behaving Mathematically”

The term “inquiry learning” has often been misunderstood and misapplied in educational
discourse, with many viewing it as a non-rigorous, exploratory process disconnected
from structured learning. In reality, the core of effective mathematical education is not
about inquiry for its own sake but about pupils learning to behave mathematically. This
means fostering curiosity, asking the right questions, exploring problems, and developing
the resilience to grapple with challenges.

At its heart, mathematics is an exploratory discipline where new knowledge is built upon
investigation, problem-solving, and abstract thinking. Mathematicians, when faced with
an unknown, do not rely on rote methods - they behave mathematically, exploring the
unknown systematically and curiously. The goal of this chapter is to define this process
and argue forits centralrole in any rigorous and forward-facing mathematics curriculum.

What Does It Mean to “Behave Mathematically”?

Behaving mathematically is about engaging with problems the way a mathematician
does, whether you are a novice in elementary school or an experienced professional.
Mathematicians approach problems with a particular mindset: they ask questions, form
conjectures, look for patterns, generalise results, and attempt proofs. They enjoy being
stuck, seeing it not as a failure but as an opportunity to gain deeper insights.

This mindset is crucial for pupils because it teaches them to embrace challenges rather
than avoid them. When pupils are encouraged to behave mathematically, they develop
the skills needed to approach problems in a structured and analytical way. They learn to
be comfortable with uncertainty and to work through problems systematically, even
when the solution is not immediately clear.

Behaving mathematically is not just about getting the right answer; it’s about the process
of adventure and the habits of mind that are developed through exploration. This
includes:

e Formulating Questions: Learning to ask the right questions is the first step in any
mathematical exploration.

e Looking for Patterns: Observing regularities or recurring structures helps pupils
begin to generalise mathematical principles.

e Making Conjectures: Pupils learn to make educated guesses or predictions
based on the patterns they observe.

o Testing ldeas: Through experimentation, pupils test their conjectures and
develop a deeper understanding of the underlying principles.
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e Generalising Results: After testing, pupils move toward broader conclusions,
which can often be applied to other mathematical problems.

Moving Beyond Tricks and Shortcuts

One of the greatest obstacles to fostering true mathematical behaviour in pupils is the
use of tricks and shortcuts in the classroom. These quick-fix methods may help pupils
pass exams or complete assignments, but they ultimately undermine the deep
understanding required to behave mathematically.

For example, teaching pupils a shortcut to solving a system of equations without ensuring
they understand the reasoning behind the method can lead to confusion when they
encounter more complex problems in algebra or calculus. Similarly, teaching tricks for
memorising multiplication facts without connecting them to deeper number sense
leaves pupils without the tools to attack new, unfamiliar problems.

In a forward-facing curriculum, it is essential to emphasise methodological rigour and
conceptual understanding at every grade level. This means avoiding the temptation to
rely on tricks or procedural shortcuts and instead encouraging pupils to explore
mathematicalideas in depth. The goalis for pupils to understand why methods work, not
just how to apply them.

When pupils behave mathematically, they are equipped to handle new and complex
ideas because they have developed the problem-solving skills, resilience, and curiosity
necessary to explore unknown territory. In the long run, this approach leads to a much
deeper and more flexible understanding of mathematics.

Cultivating Curiosity and Resilience

A critical aspect of behaving mathematically is curiosity. Mathematicians are curious by
nature —they are driven by a desire to understand how things work and to solve problems
that others might find insurmountable. This curiosity is what drives mathematical
exploration and discovery, and itis something that can and should be cultivated in pupils.

However, curiosity alone is not enough. Pupils also need resilience —the ability to persist
in the face of difficulty. Mathematical problems are not always easy, and pupils need to
learn that struggling with a problem is a natural and valuable part of the learning process.
When pupils are encouraged to persist, they develop the confidence to tackle difficult
problems and the skills to break them down into manageable parts.

In the classroom, teachers can foster curiosity and resilience by creating an environment
where it is safe to fail, where mistakes are seen as opportunities for learning rather than
as indicators of failure. When pupils are not afraid to get things wrong, they are more likely
to take risks, ask questions, and engage deeply with the material.

Structured Exploration and Rigorous Instruction
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It is important to recognise that behaving mathematically is not about unstructured
exploration. While curiosity and inquiry are essential, they must be grounded in rigorous
instruction and deliberate practice. Pupils need to be taught the tools and methods that
mathematicians use, and they need regular opportunities to practice these skills in a
structured way.

In this sense, behaving mathematically involves a balance between inquiry-based
learning and direct instruction. Inquiry allows pupils to explore and discover
mathematical principles on their own, while direct instruction provides them with the
knowledge and techniques they need to make sense of what they discover. Together,
these approaches create a learning environment where pupils are both empowered to
explore and equipped to understand.

For example, when teaching a new mathematical concept like algebraic manipulation,
teachers might begin with direct instruction, ensuring that pupils understand the formal
rules and procedures. But once pupils have mastered these basics, they should be
encouraged to explore the concept further, perhaps by solving open-ended problems
or discovering new patterns and relationships within algebra.

This balance between exploration and instruction is at the heart of behaving
mathematically. It gives pupils the tools they need to succeed while also encouraging
them to think critically and creatively about the problems they encounter.

The Role of Teachers in Modelling Mathematical Behaviour

Teachers play a crucial role in helping pupils learn to behave mathematically. One of the
most effective ways to teach this mindset is for teachers to model it themselves. When
teachers openly engage with mathematical problems in front of their pupils — asking
questions, making conjectures, getting stuck, and working through difficulties — they
demonstrate what it means to behave mathematically.

Teachers can also foster mathematical behaviour by encouraging pupils to roleplay this
mindset themselves. When pupils are faced with a challenging problem, they should be
encouraged to think out loud, to express their uncertainties, and to explore different
approaches. By doing so, they develop the skills and mindset necessary to become
independent thinkers and problem solvers.

Embracing Mathematical Behaviour

Behaving mathematically is the cornerstone of a forward-facing curriculum. It goes
beyond inflexible learning and superficial tricks to foster deep, durable, conceptual
understanding and a lifelong curiosity about mathematics. When pupils are encouraged
to behave mathematically, they become not just better problem solvers, but better
thinkers, equipped to handle the mathematical challenges of both today and tomorrow.
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By embracing this approach, we can create a generation of pupils who are not just
competent in mathematics, but who see themselves as mathematicians — curious,
resilient, and ready to explore the unknown.
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Chapter 8: The Journey Through Mathematics -
Threads and Trajectories

Navigating Through Mathematical Threads

Mathematics is not a series of disconnected topics, but rather a web of interconnected
webs of ideas. In this chapter, we explore the idea of mathematical threads — concepts
that develop across grade levels, building upon one another to form deep and meaningful
trajectories through the subject. These threads help pupils navigate through the
curriculum with a clear sense of purpose, making connections between what they have
learned in the past and what they will encounter in the future.

To give an example of a mathematical thread, let us consider the journey from early
concepts like transformations and geometry to more advanced topics like eigenvectors.
This thread demonstrates how seemingly simple ideas encountered in elementary
school are, in fact, the foundation for complex and profound mathematical structures
that pupils will encounter much later in their education.

The Eigenvectors Thread

To illustrate how mathematical threads work in practice, consider the trajectory leading
to the understanding of eigenvectors and eigenvalues. The journey begins in elementary
school with the exploration of simple geometric transformations, such as reflections,
rotations, and scaling. These early concepts are developed further in middle school
through the study of coordinate geometry, where pupils learn how to represent
transformations algebraically.

As pupils progress into high school, they encounter linear algebra, where
transformations are represented as matrices. At this stage, the groundwork laid in earlier
years becomes critical, as pupils begin to explore how certain vectors remain unchanged
by a transformation except for being scaled by a constant factor — these are the
eigenvectors. By the time pupils encounter eigenvectors in university or advanced high
school courses, they are building on a solid foundation of geometric and algebraic
understanding.

(A detailed view of the eigenvectors thread can be found in Appendix 3).
Interconnectedness Across Grades

The eigenvectors thread is just one example of how mathematical ideas connect across
grade levels. Every mathematical concept has its roots in earlier learning, and these
connections should be made explicit to pupils. When teachers emphasise these
connections, pupils gain a deeper understanding of how the subject fits together as a
whole.
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For example, trigonometry — often introduced in middle or high school — can be traced
back to early explorations of angles and rotations in elementary geometry. Similarly,
calculus builds on the study of rates of change and the area under curves, concepts that
are first encountered when pupils learn about slope and coordinate planes.

By framing the curriculum as a series of interconnected threads, we can help pupils see
mathematics not as a collection of isolated facts but as a coherent and dynamic
discipline where every concept has a place within the larger structure.

Building Curiosity and Purpose

One of the most powerful aspects of organising the curriculum around threads and
trajectories is that it gives pupils a clear sense of purpose. When pupils understand how
the concepts they are learning fit into a larger picture, they are more likely to engage with
the material and to approach it with interest.

This approach also helps teachers guide pupils through problem-solving journeys,
showing them how the skills they are developing will help them tackle more complex
problems in the future. By understanding the long-term relevance of what they are
learning, pupils are more motivated to persevere through difficult topics and develop the
resilience needed to succeed in mathematics.

The Power of Mathematical Threads

By organising the curriculum around mathematical threads, we provide pupils with a
clear path through the subject, helping them understand how each new concept builds
on what they have already learned. This approach not only fosters a deeper
understanding of mathematics but also helps pupils see the beauty and coherence of the
subject. As they progress through the curriculum, pupils are empowered to explore
mathematical ideas with curiosity and confidence, knowing that they are on a journey
through interconnected and meaningful concepts.
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Chapter 9: Renewing the Gamble - The Curriculum as
a Living Document

The Uncertainty of Predicting the Future of Mathematics

One of the core themes of this manifesto is that we cannot predict with certainty which
areas of mathematics will be most crucial for the future. This uncertainty forms the basis
of whatwe callthe “gamble” —the selection of the eight threads that form the foundation
of the proposed curriculum. While these threads have been carefully chosen based on
current trends and emerging fields, there is always a degree of risk involved. The future
will undoubtedly bring new discoveries, technological advancements, and shifts in
priorities, which means that the mathematics curriculum must be a living document,
subject to regular review and revision.

The eight threads proposed in this manifesto represent the shortlist from an initial list of
28 thread ‘candidates’. The non-shortlisted threads and reasons for rejecting them can
be found in Appendix 4.

The purpose of this chapter is to argue that this gamble must be renewed periodically,
ensuring that the curriculum stays relevant to the needs of future generations. By
embedding a framework for continuous review and adaptation, we can ensure that the
curriculum remains forward-facing, responsive to change, and alighed with the evolving
role of mathematics in society.

The Nature of the Gamble

When we design a mathematics curriculum, we are making an educated guess about
what pupils will need to know to succeed in the future. The selected threads - topology,
abstract algebra, graph theory, and so on — are based on current trends in mathematics,
computer science, engineering, and other fields. These areas have been identified as
likely to play a critical role in the technological and scientific advancements of the next
few decades.

However, the history of mathematics is full of examples where unforeseen
developments reshaped entire fields. Who could have predicted that number theory,
once considered a purely theoretical discipline, would become central to cryptography
and internet security? Similarly, the ideas behind neural networks, which languished for
years as an interesting butimpractical concept, became foundational to modern artificial
intelligence. The story of AlexNet, discussed in an earlier chapter, is a perfect example of
how mathematics that seemed irrelevant suddenly became vital.

This unpredictability is at the heart of the gamble we are making when we design a
forward-facing curriculum. While we base our decisions on the best available
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information, we must recognise that we are, to some extent, guessing about what will be
most important in the future.

The Need for Renewal

Given this uncertainty, itis crucialthat the curriculum be regularly reviewed and revised.
The mathematical landscape will continue to evolve, and the curriculum must evolve
with it. Just as scientific discoveries or technological innovations can transform
industries, new developments in mathematics will reshape our understanding of which
areas are most important for pupils to master.

This is why we propose the curriculum be reviewed every five years. During these
reviews, educators, mathematicians, and policymakers should assess the relevance of
the eight threads and consider whether any new areas of mathematics need to be
incorporated. In some cases, we may decide to replace one or more threads with
emerging fields, ensuring that the curriculum remains aligned with the future needs of
society.

This approach turns the curriculum into a living document, one that is constantly being
updated and improved. Rather than being a static set of rules, the curriculum becomes a
dynamic and responsive framework that adapts to the changing world of mathematics
and technology.

A Framework for Reviewing the Curriculum

To ensure that the curriculum is reviewed in a systematic and rigorous way, we propose
the following framework:

1. Five-Year Review Cycle: Every five years, a panel of experts should be convened
to assess the curriculum. This panel should include professional
mathematicians, educators, and representatives from emerging sectors that rely
heavily on mathematics.

2. Data-Driven Evaluation: The panel should use data from a variety of sources to
inform its decisions. This could include analysis of which mathematical areas are
driving innovation in technology, science, and industry, as well as feedback from
universities and those working at the cutting edge of mathematics research.

3. Consultation with Teachers and Pupils: Teachers and pupils should also have a
voice in this process. Teachers are on the front lines of education and can provide
valuable insights into which parts of the curriculum are working well and which
may need to be rethought. Pupils, too, can offer feedback on how well the
curriculum is inducting them into mathematical ways of thinking.

4. Emerging Trends: The review process should take into account emerging trends
in mathematics and related fields. This could include advances in quantum
computing, artificial intelligence, or data science, as well as new mathematical
discoveries that open up entirely new fields of study.
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5. Flexible Adaptation: The review panel should be empowered to make significant
changes to the curriculum if necessary. This could include adding new threads,
replacing outdated ones, or shifting the focus of certain areas. The goal is to
ensure that the curriculum remains relevant and forward-facing, even as the
world of mathematics changes.

Balancing Tradition with Innovation

While itisimportant to be forward-facing, we must also recognise the value of traditional
areas of mathematics. Subjects like calculus, algebra, and geometry have stood the test
of time because they are fundamental to so many other areas of mathematics and
science. The challenge is to strike a balance between preserving these traditional areas
and incorporating new and emerging fields.

In some cases, traditional areas may need to be reframed in light of new developments.
For example, while calculus will always be essential, its role in the curriculum could be
expanded to include applications in fields like data analysis or computational modelling.
Similarly, algebra might be taught in a way that highlights its connections to modern
computer science, ensuring that pupils understand how these traditional areas of
mathematics are still deeply relevant in today’s world.

By balancing tradition with innovation, we can create a curriculum that honours the
rich history of mathematics while also preparing pupils for the future.

Arigorous, durable mathematics education

The proposed threads do not just weave mathematical stories through the curriculum
and ready pupils for taking those specific ideas further, but also provide a rigorous,
elegant mathematics education that enables every pupil to learn future, unpredictable
mathematics. Many of us who have taught ourselves about important mathematics
ideas, such as those behind AlexNet or the technologies that followed, were able to do
so because our own mathematics education was wide ranging and robustly taught. In
some respects, this is more important than the chosen threads themselves — we know
other threads could equally be proposed and we accept our choice of threads may prove
in decades to come not the most relevant ones. But, by delivering these threads expertly
and making connections across the curriculum explicit and meaningful, the curriculum
will be a solid mathematical foundation that allows our pupils to access any
mathematical ideas they should so wish to follow at any point in their future adult lives.

A Curriculum for the Future

The curriculum we design today is, by necessity, a best guess about what pupils will need
to know in the future. But by embedding a process of regular review and renewal, we can
ensure that this guess is constantly being refined and improved. The proposed five-year
review cycle allows the curriculum to remain dynamic and responsive, ensuring that it
stays relevant in a world where mathematics is continually evolving.
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Mathematics education must be flexible, forward-facing, and adaptable. By regularly
renewing the gamble we make when we design the curriculum, we can prepare pupils not
just for the mathematical challenges of today, but for the unknown challenges of
tomorrow.
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Chapter 10: A Defence of Mathematics

The Integrity and Value of Mathematics

Mathematics is more than a tool for economic growth or technological advancement; it
is one of humanity’s most profound achievements and intellectual pursuits. It has
shaped our understanding of the world, driven scientific revolutions, and transformed
entire industries. Yet, inrecent decades, there has been anincreasingtendency to reduce
mathematics education to a set of skills aimed primarily at preparing pupils for the
workforce. While practical applications of mathematics are undoubtedly important, this
narrow focus diminishes the true nature of the subject and the opportunities it offers for
intellectual growth.

This chapter is an explicit defence of mathematics as a subject that transcends utility.
It argues for the preservation of its integrity in the school curriculum, not just as a
collection of tools, but as a field that fosters curiosity, deep thinking, and problem-
solving. Mathematics has the power to inspire, challenge, and develop individuals in
ways that go far beyond its economic or technical applications. As educators, it is our
responsibility to ensure that the subject remains rich and meaningful, engaging pupils in
the full breadth of what mathematics has to offer.

The Reduction of Mathematics to Economic Utility

In many education systems, there is a growing emphasis on the economic utility of
mathematics. Policymakers and administrators often view the subject through the lens
of its role in preparing pupils for careers in STEM fields, finance, or data analysis. As a
result, the curriculum is often tailored to meet the needs of industries, focusing on the
skills and knowledge that are most immediately useful in the workplace.

While there is nothing inherently wrong with ensuring that pupils have the skills they need
to succeed in their careers, this approach often comes at the expense of the broader
intellectual value of mathematics. When we focus too narrowly on preparing pupils for
specific jobs, we risk reducing mathematics to a set of procedures and algorithms,
disconnected from the deeper ideas that make the subject so rich and engaging.

Mathematics is not just a tool for solving practical problems - it is a way of thinking, a
way of understanding the world, and a means of exploring abstract ideas. By narrowing
the focus of mathematics education to economic utility, we risk depriving pupils of the
opportunity to engage with the subject in its full intellectual and creative capacity.

Mathematics as a Human Pursuit
At its core, mathematics is a human pursuit — one driven by curiosity, creativity, and a

desire to understand the underlying patterns and structures of the universe.
Mathematicians throughout history have been motivated by a deep sense of wonder and
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a drive to solve problems that, at first glance, seem intractable. From the ancient Greeks
who explored the mysteries of geometry, to modern-day researchers developing
algorithms for artificial intelligence, mathematics has always been about more than just
practical applications.

This intellectual tradition should be at the heart of mathematics education. Pupils should
be encouraged to see mathematics as a subject that goes beyond the classroom, beyond
textbooks, and beyond the immediate practicalities of life. They should be taught to
appreciate the beauty of mathematical ideas, to explore problems that don’t have easy
answers, and to experience the satisfaction that comes from wrestling with difficult
concepts.

Mathematics education should be about growing thinkers, not just training future
workers. It should encourage pupils to develop the skills of critical thinking, logical
reasoning, and creativity that will serve them well in all aspects of life, not just in their
careers.

The Joy of Problem-Solving

One of the most powerful aspects of mathematics is the joy of problem-solving. Solving
a difficult mathematical problem is a deeply rewarding experience, one that requires
perseverance, ingenuity, and a willingness to embrace uncertainty. Yet, in many
classrooms, this joy is lost. It is, of course, crucial that pupils gain a fluency in the
mathematical grammar required to engage in interesting mathematical conversations,
but focussing on only the necessary exercises and procedural learning that bring about
that grammar without ever giving opportunity to have the discussion is like teaching
pupils how to read words without ever allowing them to get lost in the sheer delight of a
magnificent work of literature.

A forward-facing mathematics curriculum must punctuate the journey through
mathematical threads with regular and explicit times to solve interesting problems. One
might think of this as, say, ten timetabled lessons of skill practice culminating in three or
four lessons where those skills are deployed with purpose. Of course, this ratio of
practice to behaving mathematically will change from idea to idea as necessary. Pupils
should be encouraged to tackle open-ended problems, to explore multiple solutions, and
to learn from their mistakes. In doing so, they will develop not only their mathematical
skills but also their ability to think like a mathematician.

This emphasis on problem-solving is not just about preparing pupils for the workforce — it
is about helping them develop the intellectual resilience and curiosity that will serve
them throughout their lives. By fostering a love of problem-solving, we help pupils
develop a sense of ownership over their futures, encouraging them to see mathematics
as a dynamic and engaging subject that is worth exploring in depth.

Mathematics as a Source of Inspiration
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Mathematics has the power to inspire. It opens up new ways of thinking, allows us to see
the world from new perspectives, and connects us to some of the most profound ideas
in human history. From the elegance of Euclidean geometry to the mysteries of number
theory, mathematics is filled with ideas that have fascinated and challenged thinkers for
centuries.

This inspiration should be a key part of the mathematics curriculum. Pupils should be
exposed to the big ideas of mathematics, the ones that have driven scientific revolutions
and transformed our understanding of the world. They should learn not just how to
calculate, but how to think mathematically — how to question, explore, and discover.

A curriculum that focuses on inspiring pupils is one that treats mathematics as a living
subject, one that is constantly evolving and open to new discoveries. By connecting
pupils to the history of mathematics, the beauty of its ideas, and the excitement of
discovery, we can help them see mathematics as something that is deeply meaningful
and worth pursuing.

Reaffirming the Integrity of Mathematics Education

In the rush to make mathematics education more relevant to the modern economy, we
must not lose sight of its intellectual integrity. Mathematicsis a discipline that demands
rigour, precision, and careful thought. It is not just about finding the right answer - it is
about understanding why the answer is right and how it fits into a larger conceptual
framework.

A strong mathematics curriculum must reaffirm the rigour and depth of the subject. It
must challenge pupils to engage with difficult ideas, to think critically about the problems
they encounter, and to strive for a deep understanding of the concepts they are learning.
At the same time, it must avoid reducing mathematics to a set of mechanical procedures
or disconnected facts.

By emphasising both the rigour and the beauty of mathematics, we can help pupils
develop a lasting appreciation for the subject - one that will stay with them long after they
leave the classroom.

A Call to Protect the Heart of Mathematics

This chapter is a call to protect the heart of mathematics in education. Itis a reminder
that mathematics is not just a tool for the economy or a means of preparing pupils for
jobs in STEM fields. It is a profound human pursuit that has shaped our understanding of
the world and our place within it.

As educators, it is our responsibility to ensure that pupils are not just trained to use
mathematics but are given the opportunity to engage with the subject in its full
intellectual richness. This means preserving the integrity of mathematics education,

A Mathematics Manifesto Mark McCourt



fostering a love of problem-solving, and inspiring pupils to explore the deep and beautiful
ideas that have driven mathematical thought for centuries.

By doing so, we help create a future where pupils are not just consumers of mathematics

but creators, thinkers, and innovators — ready to tackle the challenges of tomorrow with
the tools and mindset of true mathematicians.
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Chapter 11: The Role of Teachers and Pupils

A Shared Journey in Mathematics

Mathematics is often viewed as a solitary pursuit—a subject where individuals work alone
to solve problems. But in the context of education, mathematics is a profoundly shared
journey. Teachers and pupils are partners in this journey, working together to explore,
understand, and navigate the vast landscape of mathematical ideas. The success of the
curriculum, as laid out in this manifesto, depends not only on its design but also on the
engagement and commitment of both teachers and pupils.

This chapter explores the vital roles that teachers and pupils play in making the
mathematics curriculum come alive. It argues that curiosity, resilience, and creativity
are as important as mathematical knowledge, and it highlights the importance of
fostering these qualities in both teachers and pupils. In the end, mathematics education
is not just about teaching and learning facts; it is about developing thinkers who can
navigate the unknown and solve the problems of tomorrow.

Teachers as Role Models for Mathematical Behaviour

Teachers are not just instructors of mathematical content; they are role models for how
to approach mathematical problems and challenges. As discussed in earlier chapters,
one of the most important aspects of learning mathematics is learning to behave
mathematically - to ask questions, to explore, to persist in the face of difficulty, and to
reflect on the process. Teachers have a unique opportunity to model this behaviour for
their pupils.

When teachers demonstrate excitement about mathematical inquiry, openly grapple
with problems in front of their pupils, and show how they, too, get stuck and work through
solutions, they send a powerful message: mathematics is not about knowing all the
answers; it’s about engaging with the questions. This modelling of curiosity and
perseverance is essential in helping pupils develop a similar mindset.

Teachers also play a crucial role in setting the tone for the learning environment. A
classroom that celebrates questions, values mistakes as learning opportunities, and
encourages creative approaches to problem-solving is a classroom where pupils are
more likely to take risks and explore mathematics deeply. In contrast, a classroom
focused solely on right answers and procedural correctness stifles the kind of curiosity
and engagement that are central to the curriculum proposed in this manifesto.

Teachers as Architects of Inquiry and Rigour
While teachers are guides and role models, they are also the architects of the learning

experience. It is through their planning, instruction, and interaction with pupils that the
curriculum comes to life. The teacher’s job is to strike the right balance between inquiry-
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based learning and rigorous direct instruction, ensuring that pupils both explore
mathematical ideas on their own and receive the structured guidance they need to
master difficult concepts.

Teachers must navigate the tension between letting pupils explore and making sure they
understand the necessary content. On one hand, pupils need the freedom to behave
mathematically, to pursue problems with curiosity, and to develop their own questions
and approaches. On the other hand, they also need the rigour of structured practice,
clear explanations, and deliberate instruction to ensure they are building a solid
foundation of knowledge.

A forward-facing curriculum demands that teachers orchestrate these elements
skilfully. Inquiry and exploration should not be vague or unstructured. Rather, they should
be part of a carefully planned journey that leads pupils through increasingly complex
ideas while always connecting back to the broader threads of mathematics. The
interconnectedness of the curriculum is crucial, and it is the teacher’s role to ensure
that pupils see how the ideas they are working on today fit into the larger tapestry of
mathematical thought.

The Role of Pupils in Becoming Mathematicians

Just as teachers must behave mathematically, so too must pupils. The proposed
curriculum does not aim to produce passive recipients of mathematical knowledge; it
aims to produce active thinkers - pupils who see themselves as nascent
mathematicians and approach problems with curiosity, determination, and creativity.

In this sense, pupils are not just learners of mathematics — they are participants in the
creation of mathematical knowledge. They are encouraged to explore problems from
different angles, ask their own questions, and contribute their ideas to the classroom
discussion. The role of the pupil is to take ownership of their learning, to engage deeply
with the material, and to see themselves as part of the broader mathematical
community.

Developing this mindset requires more than just intellectual ability — it requires
resilience. Mathematical problems are often difficult and complex, and pupils will
inevitably encounter challenges that they cannot solve right away. In these moments, the
ability to persistin the face of difficulty is asimportant as mathematical skill. Pupils must
learn to embrace the struggle, to view being “stuck” as an opportunity for deeper
understanding, and to celebrate the breakthroughs that come from hard work and
creative thinking.

A Partnership in Learning

The relationship between teachers and pupils is not one of mere transmission of
knowledge — it is a partnership. In this partnership, teachers provide the guidance,
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structure, and encouragement that pupils need to develop as mathematicians. At the
same time, pupils bring their own curiosity, effort, and insight to the learning process.

For this partnership to be successful, it must be based on trust and mutual respect.
Teachers must trust that pupils are capable of deep, independent thinking, and pupils
must trust that their teachers are there to support and guide them. This dynamic creates
a learning environment where both parties are engaged in a shared journey of discovery.
The discovery is, of course, an act for the teacher — they are already expert in the
mathematical concepts contained within the curriculum, but by role playing the actions
and emotions of unpicking difficult, unknown problems in front of their pupils, teachers
are weaving into existence new ideas in the pupil’s mind. Any teacher-pupil interaction is
a negotiation; the teacher holds in their mind known ideas and is attempting to change
the pupil’s current schema of knowledge such that the idea becomes known to them too.

In practical terms, this means that teachers and pupils should work together. Pupils
should be encouraged to ask questions, share their ideas, and pursue their own lines of
inquiry, while teachers provide the necessary structure and guidance to ensure that this
exploration is fruitful and leads to a deeper understanding of the material. In this way, the
learning experience becomes a dialogue, where both teachers and pupils contribute to
the construction of new memories in the pupil’s mind.

Fostering a Culture of Mathematics

The ultimate goal of this partnership is to create a culture of mathematics in the
classroom, where both teachers and pupils see themselves as mathematicians and
engage with the subject in a deep and meaningful way. This culture is built on the
following principles:

e Curiosity: Mathematicsis notjust about finding the right answer; it’s about asking
the right questions and being curious about the world.

e Resilience: Mathematical problems are challenging, and success requires
persistence and the willingness to grapple with difficult concepts.

e Creativity: There is often more than one way to solve a problem, and pupils should
be encouraged to explore different approaches and find creative solutions.

e Collaboration: Mathematics is not a solitary pursuit — teachers and pupils work
together to build knowledge and solve problems.

By fostering this culture, we can help pupils develop the habits of mind that will serve
them not only in mathematics but in all areas of their lives. They will learn to think
critically, solve problems creatively, and approach challenges with confidence and
resilience.

A Shared Journey Toward Mathematical Mastery

The role of teachers and pupils in this forward-facing curriculum is not just to cover
content but to engage in a shared journey of mathematical exploration and discovery.
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Teachers model the behaviours of curiosity and perseverance, guiding pupils through a
carefully constructed path of inquiry and rigour. Pupils, in turn, take ownership of their
learning, developing the habits of mind that will make them mathematicians for life.

Together, teachers and pupils create a classroom culture where mathematical thinking is
celebrated, curiosity is encouraged, and problem-solving is at the heart of the learning
experience. This partnership is essential for bringing the curriculum to life and ensuring
that pupils are prepared not just for exams, but for the complex mathematical challenges
they will encounter in the future.
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Chapter 12: Teacher Professional Development and
Curriculum Implementation

The Role of Teachers in a Forward-Facing Curriculum

The success of this forward-facing mathematics curriculum heavily depends on
teachers. However, there is a particular challenge in working with teachers of younger
children, who are often non-specialists required to teach multiple subjects, including
mathematics. Many of these teachers may lack a deep interest in mathematics or the
time to focus extensively on subject-specific professional development. This chapter
explores how we can design professional development (PD) that supports all teachers
— especially non-specialists — to deliver the ambitious, mastery-based mathematics
curriculum effectively.

A key focus of this PD must be on helping teachers understand the thread approach of
this curriculum. Every mathematical idea taught in elementary and middle school is part
of a long-term mathematical journey for the pupil. Ensuring that younger pupils receive
rigorous, accurate instruction is essential for building strong foundations that will
support their learning in higher grades, possibly with different teachers or at different
schools. Teachers need to see their work not as isolated lessons but as contributing to
the pupil’s lifelong dialogue with mathematics.

Addressing the Non-Specialist Teacher Challenge

In many schools, particularly at the elementary level, teachers are expected to teach
multiple subjects, often with minimal specialised training in mathematics. This presents
two major challenges:

1. Lack of Subject Expertise: Many non-specialist teachers do not have the deep
mathematical knowledge that is required to teach with confidence. They may rely
on shortcuts, tricks, or oversimplifications that can undermine pupils’ long-
term understanding.

2. Limited Time for Mathematics-Specific PD: Non-specialist teachers often have
a wide range of subjects to cover in their professional development and may not
prioritise mathematics. As a result, they may lack both the time and resources to
deepen their mathematical understanding or pedagogical skills.

To address these issues, professional development must be flexible, practical, and
subject-specific while accommodating the time constraints and diverse responsibilities

of non-specialist teachers.

Understanding the Thread Approach
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Atthe heart of this manifesto is the idea of teaching mathematics through interconnected
threads that run through the curriculum. Teachers need to understand that every
mathematical concepttheyteachis part of an ongoing mathematical conversation that
the pupil will have throughout their time in school. This means that what is taught in early
years directly impacts what the pupil will encounter in later years.

For example, the teaching of place value and arithmetic in elementary school is not just
a standalone skill but the foundation upon which algebra and abstract reasoning will be
built in middle and high school. If teachers take shortcuts or do not ensure a strong
understanding of these early concepts, pupils will struggle to succeed in more advanced
mathematics.

The thread approach highlights the importance of precision, rigour, and depth at every
level. Teachers must see that they are laying the groundwork for the next teacher and the
next level of mathematical understanding. Professional development should focus on
helping teachers see how the concepts they teach fit into the broader curriculum and
future learning. This will help them appreciate the responsibility they have in ensuring
pupils’ long-term success.

Seven Threads vs. Grammar: The English Language Analogy

Another critical aspect of the curriculum is the distinction between the seven
mathematical threads (e.g., Topology and Geometry, Abstract Algebra) and the Grammar
thread. This distinction can be understood through an analogy with English Language and
English Literature.

e Mathematical Grammar is akin to the language skills needed to communicate,
understand, and manipulate mathematical ideas. It includes the foundational
skills — place value, number sense, arithmetic, algebraic manipulation — that
underpin all other mathematical learning.

e The seven other threads represent the great works of literature that pupils
encounter as they progress through their mathematical education. Just as pupils
in English study the works of Shakespeare, Austen, or Morrison to deepen their
understanding of language, pupils in mathematics engage with Topology, Abstract
Algebra, and other threads to explore different aspects of the mathematical world.

Teachers need to understand that both the grammar and the literature are essential for a
well-rounded mathematical education. The Grammar thread is fundamental because it
provides pupils with the tools they need to access the more advanced ideas found in the
seven threads. Professional development should focus on helping teachers:

e Recognise the importance of the Grammar thread in building strong
mathematical foundations.

e Teach the Grammar thread rigorously and accurately, ensuring that pupils have
the skills they need to engage with the more complex threads.

A Mathematics Manifesto Mark McCourt



e Understand how the seven threads build on the Grammar thread and how pupils’
early encounters with mathematical concepts will influence their ability to grasp
advanced ideas later.

Structured Professional Development: A Roadmap

Given these challenges and priorities, professional development for teachers -
especially non-specialists — must be well-structured and ongoing. This roadmap
suggests how PD can be organised to ensure all teachers can deliver the curriculum
effectively:

1. Initial Teacher Training: For new teachers, initial training should focus on building
a strong foundation in the Grammar thread. Non-specialists need to understand
that their primary role is to ensure pupils leave elementary school with a deep
understanding of place value, arithmetic, and number sense — skills that will
enable them to succeed in middle and high school.

2. Thread-Specific Professional Development: Teachers should have access to
thread-specific PD throughout their careers. For non-specialist teachers, PD
should emphasise the Grammar thread, while also giving them a clear overview of
the other threads. Teachers need to understand how the concepts they teach will
connect to future learning in areas such as Topology, Functional Analysis, and
Group Theory.

3. Workshops and Coaching: Regular workshops that focus on practical strategies
for teaching mathematical grammar and the thread approach should be offered.
Non-specialist teachers would also benefit from classroom coaching, where they
receive personalised support and feedback from mathematics specialists.

4. Assessment and Reflection: PD should include training on criterion-referenced
assessment — a key feature of the curriculum. Teachers need to understand how
to assess for mastery, ensuring that pupils have truly grasped foundational
concepts before moving on. Teachers should also be encouraged to reflect on
their teaching practices regularly, considering how well they are supporting long-
term mathematical learning.

5. Cross-Subject Collaboration: Since many elementary teachers are responsible
for teaching multiple subjects, PD should also encourage cross-subject
collaboration. By working with colleagues in other disciplines, teachers can
explore how mathematical ideas intersect with other areas of the curriculum,
reinforcing the relevance and importance of rigorous mathematical
understanding.

The Teacher’s Responsibility in a Pupil’s Mathematical Journey

Teaching mathematics, especially for non-specialist teachers, is not about delivering
isolated lessons. Every mathematical idea is part of a long-term journey that the pupil
will follow throughout their education. Teachers must ensure that they are laying the
groundwork for this journey by teaching foundational concepts rigorously and ensuring
that pupils develop a deep understanding of mathematical grammar.
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By emphasising the thread approach and ensuring teachers understand the difference
between mathematical grammar and the other mathematical threads, professional
development can help teachers see their role as crucial contributors to a pupil’s lifelong
mathematical understanding. With the right support, even non-specialist teachers can
provide pupils with the strong foundations they need to thrive in higher mathematics,
regardless of who teaches them in the future or where they continue their education.

The goal is for all teachers to feel empowered in their role, equipped with the knowledge
and strategies they need to teach mathematics in a way that is both rigorous and future-
facing, ensuring that pupils are ready for whatever mathematical challenges lie ahead.
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Chapter 13: Assessment in the Mathematics
Manifesto

Moving Beyond Age-Specific, Norm-Referenced Systems

One of the fundamental shifts proposed in the Mathematics Manifesto is a
transformation in how we assess pupil progress. The manifesto argues that traditional
age-specific, norm-referenced systems — where pupils are ranked against their peers -
are misaligned with the true goals of education, particularly in mathematics. These
systems often result in arbitrary outcomes, where pupil performance is compared to a
pre-determined distribution curve, rather than being evaluated on whether they have
truly mastered the subject matter. The future of mathematical education should reject
this model in favour of a criterion-referenced, mastery-based approach that more
accurately reflects each pupil’s understanding and abilities.

Criterion-Referenced Assessment

In a criterion-referenced system, pupils are assessed against defined learning
objectives or criteria. This system provides transparency for both the teacher and pupil,
making it clear what needs to be mastered and offering a path for progress. The shift away
from norm-referenced systems means moving beyond comparing pupils to one another.
Instead, we would evaluate each pupil’s performance based on their mastery of specific
skills, concepts, or areas of knowledge.

Mastery-based assessment is similar to how we evaluate practical skills in other
domains. For example, driving tests assess whether a person has mastered the skills
necessary to drive a vehicle, regardless of how their peers perform. Similarly, learning an
instrument such as the piano involves mastery of specific pieces and techniques,
evaluated not in comparison to others but against a predetermined standard.

By adopting a criterion-referenced approach, mathematics assessment can become
more meaningful and aligned with the curriculum goals outlined in this manifesto. The
emphasis will be on continuous improvement, with pupils receiving clear feedback on
their progress and the areas they need to work on.

Mastery Approach in the Mathematics Curriculum

The proposed curriculum is structured into eight distinct threads, each with its own
internal trajectory from elementary concepts through to advanced mathematical ideas.
Assessment within this curriculum should be flexible, allowing for individual pacing.
Pupils should progress through the curriculum based on their mastery of each thread,
rather than being moved along by age or grade. This approach aligns with the principle
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that mathematics is a continuous journey of interconnected ideas, and pupils should
fully understand and master foundational concepts before moving on.

For example, a pupil might demonstrate complete mastery in algebraic reasoning but
need more time with geometric transformations. The criterion-referenced system would
allow them to continue deepening their understanding of geometry while advancing in
algebra. This flexibility ensures that each pupil reaches a high level of competence in all
threads, rather than being pushed through the curriculum at an arbitrary pace.

Specialisation in High School

By the later years of high school, pupils will have had exposure to the full range of
mathematical threads, from topology to graph theory and chaos theory. At this stage,
pupils should be encouraged to specialise in two or three threads of particular interest,
while continuing to engage with the foundational mathematical grammar that remains
compulsory for all. This specialisation aligns with the idea that by adolescence, pupils
may begin to develop their own academic and career interests, allowing them to focus
more deeply on the areas of mathematics that they might wish to pursue in higher
education or professional fields.

This flexible approach also recognises that not all pupils will follow the same path
through mathematics. Some may gravitate toward abstract algebra, while others may
find a passion for applied mathematics like network science or functional analysis.
Specialising allows for a more personalised and engaged learning experience.

National Assessment Frameworks: A Call for Change

Different nations have their own assessment frameworks and qualifications for school-
level mathematics. The manifesto does not suggest that these be discarded outright but
calls for a rethinking of how assessments are structured. Rather than adhering strictly to
age-specific norm-referenced assessments, which may not accurately reflect a pupil’s
progress in mastering mathematical concepts, the manifesto advocates for reforming
assessment policies to embrace a criterion-referenced model.

Countries should be encouraged to transition to assessments where the focus is on
demonstrating mastery over specific content. This would ensure that pupils are not
limited by the pace of a predetermined curriculum but instead can progress through the
material as they demonstrate competence. By doing so, nations can cultivate more
thoughtful, skilled mathematicians prepared to contribute meaningfully to the future of
society and technology.

Mastery as a Standard: The Driving Test Analogy
To further illustrate the benefits of mastery-based assessment, consider the analogy of a

driving test. A driving test evaluates a person’s readiness to operate a vehicle
independently, regardless of how their peers perform on the same test. Mastery is the
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criterion. Either the person has demonstrated the necessary skills or they have not, but
the outcome is not influenced by how other candidates performed. The same should be
true of mathematics education: mastery of a subject should be the goal, not relative
performance.

Pupils should be assessed not on whether they perform better or worse than their peers
but on whether they have met the learning objectives set out in the curriculum. This
model ensures that all pupils have the opportunity to achieve competence and be
assessed fairly, based on their own progress.

Expanding Criterion-Referenced Assessment Across National Contexts

While the specifics of assessment frameworks vary widely between nations, the
principles of criterion-referenced assessment can be adapted to fit any educational
context. Countries such as Finland have successfully implemented mastery-based
learning in some aspects of their education systems, emphasising deep understanding
over surface-level memorisation. Similarly, Singapore’s educational model has
embraced the idea of mastery in mathematics, ensuring that pupils fully grasp concepts
before moving forward.

Countries considering a shift toward mastery-based assessment can look to these
models for inspiration. The focus should be on creating national assessments that
prioritise competency over competition and allow for the development of deep,
interconnected mathematical understanding. Importantly, these assessments should be
flexible, allowing for variations in pupil pace and ensuring that all pupils reach a high
standard of mathematical literacy, regardless of their starting point. Much like learning to
play the piano, pupils should be able to be assessed in the mathematical threads
throughout their life, rather that waiting, as many countries do, for a single, high-stakes
terminal examination at the end of their time at school.

In advocating for a criterion-referenced, mastery-based approach to assessment, the
manifesto calls for a shift that transcends individual national qualifications frameworks.

Each nation has developed its own specific set of qualifications and assessments, often
geared toward sorting pupils by age and comparing them within cohorts. While this may
serve certain purposes in workforce and educational pipeline management, it does not
necessarily reflect true mathematical competence or the depth of understanding
needed for pupils to thrive in higher education or specialised fields of mathematics.
These systems can limit pupils who might excel if given more time or additional support
in specific areas of mathematics, which is why a mastery-based system is a more
equitable and educationally sound solution.

Rebuttal of the Current System: The English Example

The current system of GCSE and A Level assessments in England serves as a pertinent
example of what the manifesto aims to challenge. While the system is not strictly norm-
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referenced, it strives for consistency in the distribution of results through a mechanism
where expert examiners review the population’s scores each year and set grade
boundaries accordingly. This approach, designed to ensure stability and fairness, still
falls short in several ways when evaluated against the manifesto’s vision for a mastery-
based approach:

1. Compensatory Model vs. Mastery Model:

e The English system functions as a compensatory model, meaning that
pupils’ high scores in some areas of the curriculum can compensate for
lower scores in other areas. This results in a grade that indicates general
aptitude rather than guaranteeing mastery in specific areas of
mathematics.

e In contrast, the manifesto’s approach insists on pupils demonstrating
mastery in each essential area before progressing. This mastery ensures
that pupils have a robust and comprehensive understanding of all
fundamental aspects of mathematics, preventing gaps that could hinder
future learning.

2. Avoidance of Criterion Referencing:

e The English assessment system deliberately avoids criterion referencing,
which is central to mastery learning. By not defining specific criteria that
must be met for each grade, it fails to ensure that all pupils have met the
same standards in key concepts.

e The manifesto proposes that clear benchmarks be set at each grade level,
ensuring that every pupil who progresses has demonstrated a consistent
and deep understanding of the mathematical ideas covered.

3. General Aptitude vs. Specific Competency:

e The grades awarded in the English system are designed to provide an
indication of general aptitude rather than a guarantee that specific
competencies have been achieved. As a result, it is possible for pupils to
complete their school-level mathematics education without mastering
crucial concepts that underpin advanced mathematics.

e The manifesto’s system aims to close this gap by ensuring that every pupil
achieves mastery in each stage of the curriculum. This is done through
criterion-referenced assessments that focus on specific skills and
knowledge, allowing for targeted interventions and support where needed.

4. Impact on Progression and Confidence:

e In the English system, pupils may pass their exams while still having
significant gaps in their understanding. These gaps can create difficulties
when they encounter more advanced material, leading to issues at later
grades, in higher education or in professional contexts.

e The manifesto’s model of formative assessment and same-day
interventions ensures that pupils receive immediate support to fill
knowledge gaps, creating a consistent and reliable foundation for future
learning. This approach builds confidence, as pupils know they have
mastered the essential skills before advancing.
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Embracing a New Model for Mathematical Assessment

The Mathematics Manifesto calls for a radical shift in how we approach assessment in
mathematics. It advocates for moving away from age-based, norm-referenced
assessment models and toward a criterion-referenced, mastery-based approach. This
shift allows pupils to progress through the curriculum at pace, mastering core concepts
before moving on, and specialising in areas that interest them in the later years of
schooling.

By embracing this model, nations can ensure that their mathematics curricula not only
prepare pupils for future academic pursuits but also help to develop competent
mathematical thinkers who are equipped to tackle the challenges of the modern world.
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Chapter 14: Cognitive Science and the Psychological
Development of Mathematical Learning

Understanding the Mind in Mathematics Education

The learning process in mathematics is deeply intertwined with the workings of the
human brain. Understanding how cognitive capacities develop throughout a person’s life
provides key insights into how best to teach mathematics and design curricula that
support long-term retention, abstraction, and critical thinking. This chapter explores the
role of cognitive science in mathematics education, focusing on the mental processes
involved in mastering mathematical concepts, the ontogenetic phases humans pass
through as they learn mathematics, and how teaching can be designed to support these
phases effectively.

By applying insights from cognitive load theory, working memory research, and
developmental psychology, this manifesto emphasises that mathematics education be
tailored to the ways humans process, retain, and abstract mathematical ideas. Special
attention is paid to the importance of spaced repetition, retrieval practice, and how
learners transition from concrete to abstract thinking as they grow.

The Role of Cognitive Load and Working Memory in Learning Mathematics

e One of the most important cognitive concepts for mathematics education is
working memory, the brain’s ability to hold and manipulate a small amount of
information at once. This capacity is limited, meaning that teachers must carefully
manage how much new information is presented to pupils at any given time.
Cognitive load theory, introduced by John Sweller, suggests that learning is most
effective when unnecessary cognitive load is reduced, allowing pupils to focus on
the core content.

e Working Memory Constraints: On average, the human brain can handle around
4-7 pieces of information at once. In mathematics, complex multi-step problems,
dense symbolic notation, and unfamiliar concepts can easily overwhelm pupils’
working memory. To prevent overload, teachers should break down problems into
manageable chunks, provide clear examples, and introduce new concepts
incrementally.

e Reducing Cognitive Load: Reducing cognitive load can be achieved by using
worked examples (where a problem is solved step-by-step in front of pupils),
emphasising clear and coherent instruction, and avoiding distractions in the
learning environment. For instance, when introducing a new algebraic concept,
teachers should first provide examples that clearly show the step-by-step
process, followed by guided practice.

e Spaced Repetition and Retrieval Practice: Studies from cognitive science show
that spaced repetition — the practice of reviewing information at increasing
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intervals over time — significantly improves long-term retention. Similarly, retrieval
practice —the act of recalling information from memory rather than just reviewing
it — has been shown to strengthen neural pathways and deepen understanding.
Both strategies should be embedded in the mathematics curriculum to ensure
that pupils retain key foundational knowledge as they move through more
advanced material. The thread approach advocated in this manifesto provides a
way of incorporating these strategies with meaning and purpose.

e Gradual Release of Responsibility: Cognitive load is also managed by following
the gradual release of responsibility model, where teachers start by
demonstrating problem-solving methods and then gradually transfer
responsibility to pupils as they gain confidence. This method allows pupils to gain
mastery without overwhelming their working memory at the outset.

Mathematical Learning Through Ontogenetic Phases

As pupils grow, their cognitive abilities evolve through distinct developmental stages, or
ontogenetic phases, as outlined by theorists like Piaget, Vygotsky, and more recently,
Michael Tomasello. Understanding these phases is essential for designing a curriculum
that is developmentally appropriate, helping pupils transition from concrete thinking to
abstract reasoning.

1. Early Childhood (Ages 5-7): During this period, children are in Piaget’s pre-
operational stage, where they understand the world largely through concrete
experiences. Mathematical learning is best supported by using physical objects
(e.g., counters, blocks) to demonstrate numbers, basic operations, and patterns.
According to Tomasello’s work on joint attention, children learn effectively
through social interactions and shared problem-solving experiences with adults.

e Curriculum Implications: Early mathematical education should focus on
counting, basic addition/subtraction, and pattern recognition. The use of
manipulatives and visual aids helps pupils build the foundation for
understanding abstract concepts in later years.

2. Middle Childhood (Ages 7-11): Children enter Piaget’s concrete operational
stage, where they develop the ability to think logically about concrete objects but
struggle with abstract concepts. This phase is ideal for introducing fractions,
multiplication, and early algebraic thinking using visual models and hands-on
activities.

e Curriculum Implications: Lessons should emphasise spatial reasoning,
measurement, and problem-solving with concrete tools. Visual
representations such as number lines, geometric shapes, and charts help
pupils grasp more complex relationships between numbers and
quantities.

3. Adolescence (Ages 11-15): Adolescents enter the formal operational stage,
where they gain the ability to think abstractly and reason theoretically. This is the
time to introduce formal algebra, geometry, and functional relationships. Pupils
begin developing the capacity for deductive reasoning and theoretical problem-
solving.
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e Curriculum Implications: More abstract concepts like functions, proofs,
and graphicalrepresentations should be introduced, encouraging pupils to
explore how variables and equations represent real-world phenomena.

4. Late Adolescence and Early Adulthood (Ages 15-18): By late adolescence,
pupils have fully developed their capacity for abstract reasoning and can engage
in advanced mathematical reasoning, including calculus, proofs, and nonlinear
dynamics.

e Curriculum Implications: Pupils should specialise in specific threads of
mathematics that align with their interests and future career goals,
whether that be in abstract algebra, graph theory, or other advanced
mathematical fields.

Mathematical Behaviours: Inquiry Learning vs. ‘Behaving Mathematically’

In contrast to traditional notions of inquiry learning, which can be seen as an unfocused
exploration of ideas, behaving mathematically emphasises structured, disciplined
exploration. This approach focuses on fostering deep engagement with mathematical
ideas by encouraging pupils to pose their own questions, explore patterns, and make
conjectures.

e Behaving Mathematically: Pupils engage in the same practices as professional
mathematicians — conjecturing, experimenting, and problem-solving — rather than
simply following step-by-step procedures to arrive at correct answers. This
behaviour includes being comfortable with uncertainty, persisting through
challenges, and reflecting on the mathematical processes they use.

Developmental Psychology and the Transition to Abstraction

As pupils develop, they transition from relying on concrete representations (e.g.,
counting on fingers, using physical shapes) to abstract reasoning (e.g., solving algebraic
equations symbolically). This transition is critical and needs to be carefully scaffolded by
teachers.

e From Concrete to Abstract: Teachers must provide scaffolding to help pupils
transition from concrete to abstract thinking. For example, introducing algebra
through the use of manipulatives (such as balancing scales) can help pupils grasp
abstract relationships like variables and equations.

e Social Learning and Emotional Resilience: Building on Vygotsky’s work, pupils
learn best when they are supported by their peers and teachers in socially
interactive environments. Furthermore, fostering emotional resilience -
encouraging pupils to embrace failure as part of the learning process — plays a
critical role in their mathematical development.

The Critical Role of Mastery-Based Progression
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A cognitive science-based understanding of learning directly supports a mastery-based
progression in mathematics education. Instead of moving pupils through the curriculum
based on age, mastery learning ensures that pupils fully grasp concepts before moving
on to more advanced topics.

e Mastery Learning and Cognitive Load: Mastery learning minimises cognitive
overload by ensuring pupils only tackle new material once they have a solid
foundation in previous concepts. This approach aligns with cognitive science
research, which shows that overloading working memory with too much new
information before previous knowledge is secure leads to confusion and
misconceptions.

e Supporting Specialisation: In the later years of high school, pupils should have
the opportunity to specialise in the mathematical threads that interest them most,
while maintaining core competencies in mathematical grammar. This approach
allows for deep expertise in areas like graph theory or nonlinear dynamics, while
ensuring pupils maintain the foundational skills they will need in higher education
or their careers.

Practical Implementation: Teacher Strategies

Teachers play a critical role in implementing cognitive science principles in the
classroom. This section offers specific strategies for embedding these principles into
daily instruction:

e Worked Examples and Scaffolding: Teachers should start by demonstrating how
to solve problems step-by-step, gradually releasing responsibility to pupils as
their confidence grows. This helps pupils manage their cognitive load while
gaining mastery. Techniques such as ‘backward fading’ can be used as a
framework, supporting novice and non-specialist teachers to bring about the
gains of gradual release of responsibility.

e Spaced Repetition and Retrieval: Embedding spaced repetition and retrieval
practice in lesson planning ensures that pupils review and recall critical
mathematical concepts at regular intervals, helping move these ideas into long-
term memory.

e Assessment and Cognitive Science: Assessment should be aligned with the
principles of retrieval practice and interleaving. Testing pupils on multiple, related
topics (rather than a single skill) helps strengthen neural connections and ensures
pupils can apply their knowledge in new contexts. This also has the side benefit of
giving pupils practice in ‘method selection’, which has been shown to be a strong
proxy for identifying changes to the long-term memory.

Coghnitive Science as the Foundation for Forward-Facing Mathematics
Mathematics is not just a series of numbers, equations, and procedures - it’s a way of

thinking, exploring, and understanding the world. To prepare pupils for this, we must align
educational practices with the latest insights from cognitive science. The mathematical
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curriculum proposed in this manifesto is rooted in a fundamental truth: pupils can only
achieve true mastery when their learning aligns with how their brains naturally process,
retain, and apply information.

By grounding mathematics education in cognitive principles, we create an environment
where pupils develop not only mathematical competence but also the resilience to
tackle complex and abstract problems. The application of cognitive load theory, spaced
repetition, and retrieval practice ensures that pupils are learning in a way that is efficient,
effective, and enduring.

Moreover, understanding the ontogenetic psychological phases that pupils pass through
— from concrete manipulation in early childhood to abstract thinking in adolescence —
ensures that the curriculum is developmentally appropriate. It scaffolds learning in a way
that maximises long-term retention and conceptual understanding, rather than short-
term replication or memorisation. This forward-facing approach to education means
pupils are always being prepared for the next stage of mathematics, equipped with a
deep understanding of foundational principles that will remain relevant throughout their
learning journey.

Most importantly, the manifesto emphasises the critical balance between behavioural
practices and the nurturing of curiosity. It encourages educators to move beyond surface-
level tricks and shortcuts, to instead foster a classroom culture that values exploration,
persistence, and inquiry. By encouraging pupils to “behave mathematically,” we empower
them to think like mathematicians — not just to find answers but to ask their own
questions, seek patterns, and embrace the joy of discovery.

Finally, by combining the scientific rigour of cognitive theory with the artistry of
mathematical exploration, this manifesto calls for a mathematics curriculum that is not
only effective but inspiring. It is designed to cultivate lifelong learners, individuals who
are not just prepared for tests but for the unknown challenges of the future — whether in
academia, industry, or life itself. The future of mathematics education depends on
embracing this forward-facing, cognitively aligned approach, ensuring that pupils are
not only proficient in mathematics but prepared to push the boundaries of human
knowledge.

This cognitive science foundation is notjust aninstructionaltool;itis the key to unlocking
the limitless potential within every pupil, guiding them through the complexities of
mathematics and equipping them with the skills to innovate and thrive in a rapidly
changing world. The mathematics classroom can be a place where every pupil feels
capable, confident, and curious — a place where they are not just learning mathematics
but becoming mathematicians.
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Chapter 15: Addressing Criticisms and Challenges

In any endeavour like the Mathematics Manifesto, it is expected that questions and
concerns will arise. This chapter addresses these criticisms directly, providing a clear
response and explanation for each. It is our intention for the Mathematics Manifesto to
be an ongoing a dialogue and we welcome criticisms and questions.

Criticism 1: Feasibility — “Is this curriculum realistic to implement in schools given
the current constraints on time, resources, and teacher capacity?”

Response:

This is an important and valid question. The manifesto’s vision for a rigorous,
interconnected mathematics curriculum might seem ambitious given the realities of
school resources and teacher workloads. However, the curriculum is designed with
practicality in mind:

1. Gradual Implementation:

e The curriculum is not expected to be implemented all at once. Instead,
schools can adopt a phased approach, introducing the curriculum in
Grade 1 only to begin with and then rolling our across other grades as
appropriate.

e Schools could also pilot specific threads to gather data and refine
practices before full-scale implementation.

2. Teacher Training and Support:

e The manifesto emphasises the importance of ongoing professional
development. A dedicated program for training teachers will ensure they
have the necessary expertise and confidence to teach the new curriculum.
This includes professional development for non-specialist teachers of
younger pupils, giving them the mathematical background and skills
needed for effective instruction.

e Partnering with mathematics educators and local universities can help
build collaborative professional learning communities where teachers are
supported and mentored by external experts.

3. Integration with Existing Systems:

e The curriculum is designed to align with existing educational structures.
For instance, it retains familiar elements like arithmetic and geometry
while expanding their scope and application. The transition to a mastery-
based system is supported by formative assessment techniques that many
teachers already use but are trained to apply with greater precision and
immediacy.

4. Use of Technology:

e Intelligent Tutoring Systems (ITS) and other educational technologies can
be integrated to support both teachers and pupils. These technologies can
assist in providing immediate feedback, differentiating instruction, and
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offering supplementary support, thus easing the burden on teachers while
enhancing learning. Technology could also be used to deploy grade
assessments, enabling pupils to sit these tests whenever they feel ready to
do so.

By addressing the implementation gradually, providing robust teacher support, and
leveraging technology, the curriculum becomes not just feasible but an exciting
opportunity for schools to grow and evolve.

Criticism 2: Time Constraints — “Is there enough time in the school calendar to cover
all these strands while ensuring mastery?”

Response:

Time constraints are a legitimate concern, especially when attempting to deliver a
rigorous, forward-facing curriculum. The manifesto takes this into account in several
ways:

1. Prioritisation of Core Threads:

e The curriculum emphasises the importance of the Mathematical Grammar
thread as the backbone of the entire program. By ensuring that pupils have
a solid foundation in these fundamental skills, other threads become more
accessible and easier to teach within the given timeframe.

e Early grades focus on building the essential skills that underpin later
learning, reducing the time needed for remediation and reteaching in
higher grades.

2. Efficient Use of Formative and Summative Assessments:

e Formative assessments are designed to be quick and integrated into daily
lessons, providing immediate feedback that prevents small gaps from
growing into larger issues. By ensuring all pupils receive same-day
interventions, the need for extended remediation periods is minimised.

e Transitional assessments at the end of each grade provide a structured
opportunity to review and consolidate knowledge, making the learning
process efficient and streamlined.

3. Specialisation in Higher Grades:

e The manifesto proposes that in the later years of high school, pupils
choose to specialise in two or three threads. This allows for a more focused
approach, where pupils deepen their understanding of specific areas while
still ensuring they have a solid grounding in the Mathematical Grammar
thread.

e By tailoring the curriculum in this way, time is allocated based on the
pupils’ needs and interests, making the best use of the school calendar.

The curriculum is therefore designed to be flexible and adaptable, ensuring that all pupils
receive a robust mathematical education within the time available.
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Criticism 3: Balancing Rigor and Inquiry - “How do you balance the need for rigorous
instruction with opportunities for creative inquiry in mathematics?”

Response:

The manifesto is built on the belief that rigorous mathematics education and creative
inquiry are not mutually exclusive but rather complementary elements that should
coexist in a well-designed curriculum:

1. The Role of ‘Behaving Mathematically’:

e The manifesto uses the term ‘behaving mathematically’ to emphasise a
structured yet exploratory approach to learning. Pupils engage with
problems in a way that encourages them to ask questions, make
conjectures, and explore various methods of solution.

e By modelling this approach, teachers demonstrate that mathematics is
not about getting immediate answers but about engaging in a process of
discovery. This aligns with the rigorous mastery of core concepts while
promoting creativity.

2. Structured Inquiry Frameworks:

e Inquiry is integrated into the curriculum as a structured process where
pupils apply their foundational knowledge to explore new problems and
concepts. For instance, while learning about transformations in geometry,
pupils might be encouraged to investigate the properties of different
shapes and explore symmetry creatively.

e These opportunities for inquiry are carefully aligned with the mastery goals
of the curriculum. Teachers guide pupils to ensure that exploration leads
to meaningful understanding, reinforcing core ideas rather than deviating
from them.

3. Assessment of Inquiry Skills:

e Formative and summative assessments include the evaluation of inquiry
skills. Pupils demonstrate their ability to explore mathematical ideas,
make connections, and communicate their reasoning. By valuing these
skills as part of the mastery criteria, the manifesto ensures that both rigor
and inquiry are built into the learning process.

Balancing rigor and creative inquiry is central to the manifesto’s philosophy, ensuring that
pupils become not only proficient mathematicians but also curious, independent

thinkers who enjoy and engage with the subject deeply.

Criticism 4: Flexibility and Adaptability — “What if the chosen threads are not the
most relevant in the future?”

Response:
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The manifesto acknowledges that predicting the future is inherently uncertain. While the
current strands have been selected based on careful analysis of trends in mathematics,
the manifesto is designed to be adaptable:

1. Five-Year Review Cycle:

e Thecurriculum is reviewed every five years to assess the relevance of each
thread based on the latest developments in mathematics and technology.
This process allows for the removal, adjustment, or addition of strands as
necessary, ensuring the curriculum stays up to date.

e Feedback from educators, mathematicians, and industry experts informs
each review cycle, creating a dynamic and responsive curriculum.

2. Curriculum Flexibility:

e Evenwithin afixed set of threads, the curriculum is flexible enough to allow
adaptation in how each is taught. For example, while the core principles of
graph theory remain constant, its applications (e.g., network science,
social media analytics) can be adjusted as new technologies emerge.

e Schools are encouraged to customise certain elements to fit their pupils’
contexts while ensuring that the foundational aspects remain aligned with
the national framework.

3. Pupil Specialisation Pathways:

e As pupils progress through the curriculum, they are given the freedom to
specialise, focusing on strands that are most relevant to their interests and
career aspirations. This ensures that the curriculum remains personalised
and future-facing, allowing pupils to engage deeply with mathematicsin a
way that is meaningful for their individual paths.

The manifesto’s built-in adaptability ensures that it remains relevant and forward-facing,
offering both stability and flexibility in the face of changing future demands.

Open Call for Feedback and Ongoing Dialogue

As with any ambitious educational reform proposal, the Mathematics Manifesto is an
evolving document. The concerns and criticisms addressed in this chapter reflect some
of the most common and significant questions raised thus far. However, the process of
refining and improving a curriculum is an ongoing one, and your voice is crucial to this
effort.

We invite educators, mathematicians, policymakers, and all stakeholders to share
their thoughts, questions, and critiques. Whether you are a classroom teacher
navigating the realities of the current system, a curriculum designer with insights into
innovative practices, or a mathematician envisioning the future of the field, your
perspective is invaluable.

By gathering diverse opinions and engaging in meaningful dialogue, we aim to
continuously update this chapter, ensuring that the manifesto remains both responsive
and relevant.
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This is an open invitation to become a part of this ongoing conversation. Together, we
can build a view of a mathematics curriculum that not only meets the challenges of today
but also anticipates and prepares for the needs of tomorrow.

To share your feedback and contribute to the evolution of this manifesto, please visit
emaths.co.uk and contact us via one of the social media links found there. Your insights
could shape the next iteration of this work and help create a world-class mathematics
education for all.
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Chapter 16: The Future of Mathematics Education

A Vision for the Future

As we conclude this manifesto, it is clear that the future of mathematics education must
embrace both innovation and tradition. The curriculum proposed here is not just a set
of rules for teaching mathematical concepts; it is a vision for how we can prepare pupils
to be the problem-solvers, thinkers, and creators of tomorrow. Mathematics is a living,
breathing discipline that evolves and grows alongside humanity’s understanding of the
world, and our approach to teaching it must evolve too.

The key message of this manifesto is simple: mathematics education must focus on
growing mathematicians, not just pupils who can perform calculations. We must foster
deep understanding, curiosity, and resilience, ensuring that every pupil leaves school
with the skills and mindset necessary to engage with the complex mathematical
challenges of the future.

A Forward-Facing Curriculum for a Changing World

In this manifesto, we have argued that mathematics education must be forward-facing.
The world is changing rapidly, and the mathematical knowledge needed to succeed inthe
future will be different from the skills of the past. This means that the curriculum cannot
be static; it must evolve to reflect the emerging needs of humanity.

The curriculum proposed here is built around eight mathematical threads that span
from elementary school to the end of secondary education. These threads represent the
key areas of mathematics that will likely shape the future, from topology and graph theory
to category theory and functional analysis. However, as we have emphasised throughout
this manifesto, the specific threads are not set in stone — they are a best guess at what
will be important in the future. Every five years, the curriculum should be reviewed and
updated to ensure that it remains relevant and forward-facing.

By building a curriculum that is dynamic and adaptable, we prepare pupils for a world
where mathematics is constantly evolving and being applied in new and unexpected
ways.

Cultivating Mathematical Thinkers

The true goal of mathematics education is not to produce pupils who can perform daily
calculations but to grow individuals who think like mathematicians. A forward-facing
curriculum must foster the habits of mind that define mathematical thinking: curiosity,
problem-solving, creativity, and resilience.

Throughout this manifesto, we have emphasised the importance of behaving
mathematically - teaching pupils to ask questions, explore ideas, and persist through
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challenges. This approach not only leads to a deeper understanding of mathematical
concepts but also prepares pupils forthe complex, open-ended problems they will face
in the future.

The curriculum outlined here is designed to cultivate these habits of mind. By structuring
the curriculum around mathematical threads, pupils see how ideas connect and evolve
over time, helping them develop the flexibility and depth of thought required to tackle the
unknown. Mathematics becomes more than a subject to study - it becomes a way of
thinking and a way of existing in the world.

The Role of Teachers and the Learning Environment

As we look to the future, the role of teachers in mathematics education remains crucial.
Teachers are not just transmitters of knowledge — they are the experts and role models
who help pupils navigate the complex terrain of mathematical ideas. In the curriculum
proposed here, teachers are tasked with modelling mathematical behaviour,
encouraging curiosity, and fostering a learning environment where pupils feel
empowered to explore, question, and persist.

The forward-facing curriculum requires teachers to be flexible and innovative, blending
direct instruction with inquiry-based learning. Teachers must strike the balance between
giving pupils the freedom to explore and ensuring that they are building a rigorous
foundation of knowledge.

The role of the teacher is not only to cover content but also to create a culture of
mathematical inquiry, where pupils are encouraged to behave mathematically and to
take ownership of their learning. In this way, the curriculum is not just a set of lessons but
a living process of engagement between teachers, pupils, and the world of mathematics.

The Lifelong Impact of a Rigorous, Creative Mathematics Education

The impact of a rigorous, creative mathematics education extends far beyond the
classroom. Pupils who leave school with a deep understanding of mathematics and the
ability to think mathematically will be better prepared for whatever challenges they face
in the future — whether they pursue careers in mathematics, science, engineering, or
other fields.

In a rapidly changing world, where new technologies and industries are constantly
emerging, the skills of critical thinking, problem-solving, and resilience will be
invaluable. A forward-facing mathematics curriculum gives pupils the tools they need not
just to succeed in exams, but to thrive in a world where the ability to adapt and think
flexibly is more important than ever.

Moreover, mathematics education, when done well, fosters a lifelong love of learning. It
instils in pupils a sense of curiosity and wonder about the world and gives them the
confidence to tackle complex problems, no matter where they arise.

A Mathematics Manifesto Mark McCourt



A Call to Action

As we conclude this manifesto, we call on educators, policymakers, and mathematicians
to embrace this vision for the future of mathematics education. The curriculum proposed
here is not just about teaching content - it is about transforming the way we think about
mathematics and the role it plays in our lives.

The world is changing, and mathematics education must change with it. But as we look
to the future, we must not lose sight of the timeless principles that make mathematics
such a powerful and meaningful human endeavour. By fostering curiosity, resilience, and
a deep understanding of mathematical ideas, we can prepare the next generation of
mathematicians to face the challenges of tomorrow.

This is our Mathematics Manifesto — a vision for a curriculum that is forward-facing,
rigorous, and rooted in the belief that mathematics is a human pursuit, not just a tool for
economic gain. Together, we can create a future where every pupil is empowered to think
like a mathematician and to engage with the world in a meaningful and creative way.
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Appendices

Appendix 1: The Short-Listed Thread Candidates

1. Topology and Geometry: With advances in data science, machine learning, and
quantum computing, there’s growing interest in how shapes and spaces can
represent complex data structures. Persistent homology, a part of topological
data analysis, is already being applied to understand data from a new perspective.
As data becomes even more high-dimensional, the utility of these fields could
expand significantly.

2. Abstract Algebra and Group Theory: These fields are critical in cryptography,
coding theory, and error detection and correction methods. With the rise of
quantum computing, understanding algebraic structures will likely become more
important for developing new cryptographic protocols that are quantum-
resistant.

3. Functional Analysis and Operator Theory: These areas have shown potential in
understanding neural networks’ behaviour, particularly in infinite-dimensional
spaces. Functional analysis is also fundamental in quantum mechanics,
suggesting that as quantum computing develops, a deeper understanding of
these areas might become essential.

4. Category Theory: Often considered quite abstract, category theory is gaining
traction in computer science, especially in programming languages and
theoretical computer science. It provides a unifying framework that could prove
valuable as interdisciplinary work becomes more important.

5. Graph Theory and Network Science: These fields are already critical in
understanding social networks, biological systems, and neural networks. As we
push the boundaries of understanding complex systems, this area could provide
the mathematical tools to model and analyse these networks more effectively.

6. Nonlinear Dynamics and Chaos Theory: As we continue to model complex
systems, such as climate change or economic models, understanding nonlinear
interactions and chaotic behaviour will be crucial. This field might also intersect
interestingly with machine learning models that try to predict or learn from
complex patterns.

7. Mathematical Logic and Computability Theory: With the advances in artificial
intelligence, understanding the limits of computation and formal systems could
be key. Logic also plays a critical role in algorithm development and optimisation.

8. Mathematical Grammar. The thread ensures that pupils develop a strong,
versatile mathematical foundation. By covering key areas such as arithmetic,
algebra, trigonometry, calculus, probability, statistics, discrete mathematics, and
numerical methods, this thread prepares pupils to access and excel in more
advanced areas of mathematics. By aligning the grammar thread with other
threads, pupils will have the necessary skills to engage with complex topics in
topology, functional analysis, and beyond.
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Appendix 2: Curriculum Threads by Educational
Phase

Topology and Geometry

Elementary School (Ages 5-11)

1. Basic Shapes and Spatial Awareness: Start by introducing 2D and 3D shapes
early on. Concepts like circles, squares, triangles, cubes, and spheres are
essential. Pupils should develop an intuitive understanding of how shapes behave
and fit together. Encourage activities that involve manipulating objects, cutting
shapes, folding paper (origami), and exploring symmetry. This lays the groundwork
for topological ideas like transformations and homeomorphisms.

2. Measurement and Comparison: Introduce pupils to basic measurement
concepts - length, area, volume, perimeter — alongside simple spatial reasoning
tasks like comparing shapes by size or symmetry. These early experiences develop
an intuition for space that will later support ideas in both geometry and topology.

3. Patterns and Symmetry: Encourage pupils to explore and create repeating
patterns, tiling, and symmetrical designs. This helps to establish an
understanding of geometric transformations (reflection, rotation) and leads
naturally into discussions about invariants, which are foundational for topology.

4. Basic Transformations: Introduce translations, reflections, and rotations in both
2D and 3D spaces. This gives pupils an early grasp of geometric operations and
transformations, a core conceptin both geometry and topology.

Middle School (Ages 11-14)

1. Geometric Proofs and Reasoning: Develop reasoning skills through basic
geometric proofs. Start with properties of triangles, angles, and parallel lines, and
explore ideas like congruence and similarity. Understanding how to formally prove
things in geometry is key to both higher geometry and topology, where the
structure of space becomes more abstract.

2. Coordinate Geometry: Introduce pupils to the Cartesian plane and the concept
of plotting points in 2D and 3D space. Teach them to calculate distances and
slopes, work with equations of lines, and explore simple curves. This gives pupils
a concrete understanding of space, which can be built upon in higher dimensions
later.

3. Surface Area and Volume: Build on elementary concepts of area and volume by
exploring more complex shapes (like cylinders, cones, pyramids). This helps
pupils start thinking about how shapes in 3D relate to one another, which is
important when moving to more abstract topological spaces like surfaces and
manifolds.
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4. Introduction to Networks: While this is more graph theory, introducing the idea
of networks (simple graphs) and their connection to geometry can help pupils
understand how objects can be deformed or connected without breaking — one of
the key ideas in topology.

High School (Ages 14-18)

1. Advanced Transformations and Rigid Motions: Deepen pupils’ understanding of
transformations, including dilation, rotation, reflection, and translation in both 2D
and 3D. At this stage, pupils should understand transformations as functions and
explore the properties of isometries, congruence, and similarity in a more rigorous
way.

2. Introductionto Curvature and Surfaces: Explore the curvature of objects in both
2D (e.g., circles, parabolas) and 3D (e.g., spheres, cylinders). Pupils should learn
about different kinds of surfaces (planes, spheres, and more complex surfaces
like toruses), and how to describe them mathematically. This connects directly to
topology, where surfaces are studied in terms of their global properties (like
genus).

3. Vectors and Linear Transformations: Teach pupils about vectors in 2D and 3D,
and introduce the idea of linear transformations as mappings between spaces.
While this is more closely related to algebra, linear algebra is fundamental to
many topological ideas, and transformations between spaces are central in both
geometry and topology.

4. Introduction to Topological Concepts: Although traditionally a college-level
subject, there are some accessible ideas from topology that could be introduced
in high school. These include:

e Euler’s Formula for Polyhedra (V - E + F = 2 for simple polyhedra): This is
a classic result that connects geometry to topology.

e Simple Deformations: Demonstrating how shapes can be deformed
without tearing (e.g., turning a coffee cup into a doughnut) introduces the
idea of homeomorphism, a central conceptin topology.

e Knot Theory: A basic introduction to knots and how they can be
manipulated in 3D space can be an engaging way to introduce pupils to
topological thinking.

5. Introduction to Non-Euclidean Geometry: Briefly introduce the idea of non-
Euclidean geometries, such as spherical geometry and hyperbolic geometry. This
not only broadens pupils’ geometric understanding but also connects directly to
the study of different topological spaces, especially when discussing the
properties of curved surfaces.

6. Topology via Graph Theory: Use graph theory as an introduction to topological
ideas about connectivity and structure. For example, exploring problems like the
Seven Bridges of Kdnigsberg gives pupils a tangible way to start thinking about
space, connectivity, and the idea of traversal, which are important in topology.

Extracurricular and Enrichment Activities
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e Hands-on Projects: Incorporate activities that involve creating physical models,
such as building polyhedra, investigating Moébius strips, or creating origami
surfaces. These types of activities can foster a deeper understanding of 3D spaces
and surfaces.

e Mathematical Software: Encourage the use of geometry software, such as
GeoGebra or 3D graphing tools, to explore transformations, surfaces, and more
complex shapes. Visualisation is key to understanding both geometry and
topology.

Summary of Trajectory

e Elementary School: Build strong spatial reasoning and familiarity with basic
geometric shapes and transformations.

e Middle School: Develop geometric reasoning through proofs, coordinate
geometry, and exploration of 3D space.

e High School: Deepen understanding of transformations, surfaces, and introduce
topological ideas through concrete and visual examples.

This trajectory ensures that by the time pupils reach higher education, they have a solid
geometric foundation and have been exposed to topological ideas in an accessible,
intuitive way.

Abstract Algebra and Group Theory

Elementary School (Ages 5-11)

1. Basic Arithmetic: Focus on mastering addition, subtraction, multiplication, and
division. These operations will serve as a foundation for understanding how more
abstract algebraic structures operate.

2. Patterns and Repeated Operations: Introduce children to patterns and repeated
operations, such as multiplication tables and powers. This leads naturally into the
idea of operations that follow consistent rules, which is foundational for group
theory.

3. Symmetry and Transformations: Explore symmetry in shapes and objects. Early
engagement with symmetry is crucial for understanding group theory later, as it
introduces the idea of transformations that preserve certain properties.

Middle School (Ages 11-14)

1. Properties of Operations: Teach pupils about the properties of arithmetic
operations (associativity, commutativity, distributivity) and begin to introduce the
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idea of inverses (especially with multiplication and division). This lays the
groundwork for understanding algebraic structures such as groups.

2. Modular Arithmetic: Introduce modular arithmetic in the context of number
patterns and clock arithmetic. This is a fun and engaging way to introduce pupils
to the concept of cyclic groups and operations that behave differently under
certain constraints.

3. Introduction to Algebraic Notation: Develop a strong understanding of algebraic
notation and manipulation of expressions. This allows pupils to begin to
generalise arithmetic operations, an important step toward abstract algebra.

High School (Ages 14-18)

1. Exploration of Polynomials: Investigate the structure of polynomials and the
rules for combining them (addition, multiplication, factoring). Polynomials
provide a first step toward understanding rings and fields, core structures in
abstract algebra.

2. Functions and Mappings: Teach pupils about functions as mappings between
sets. This idea of mapping elements from one set to another is foundational in
group theory and abstract algebra.

3. Symmetry Groups and Transformations: Introduce symmetry groups in the
context of geometric transformations (rotation groups, reflection groups). This
makes abstract group theory concepts more tangible and helps pupils understand
how groups capture symmetries.

4. Basic Group Theory Concepts: Introduce the basic definitions of group theory,
such as groups, subgroups, and group operations, in the context of symmetries
and operations on sets. You could even explore simple groups like cyclic and
permutation groups.

Extracurricular and Enrichment Activities:

e Math Circles and Puzzle Clubs: Organise math circles where pupils can work on
group theory puzzles, such as exploring symmetry in Rubik’s cubes, or solving
problems related to modular arithmetic and group operations. These kinds of
activities introduce abstract algebra in a playful yet challenging way.

e Codebreaking Competitions: Set up or participate in competitions that involve
modular arithmetic and cryptography (such as RSA encryption). These activities
allow pupils to see the real-world applications of algebraic structures.

e Games with Symmetry: Play games like “Symmetry Challenge” or involve pupils
in creating their own symmetrical art pieces or patterns using group
transformations. This reinforces the concept of group actions in a hands-on way.

Summary of Trajectory:

e Elementary School: Focus on developing arithmetic skills, recognising patterns,
and understanding basic transformations and symmetry in shapes.

A Mathematics Manifesto Mark McCourt



e Middle School: Explore the properties of arithmetic operations (associativity,
commutativity, etc.), introduce modular arithmetic, and reinforce algebraic
notation and manipulation.

e High School: Deepen pupils’ understanding of algebraic structures through
polynomials, functions, and symmetry groups. Introduce the fundamental
concepts of group theory, such as groups, subgroups, and operations, using
geometric and algebraic examples.

This trajectory ensures pupils develop strong algebraic reasoning, pattern recognition,
and familiarity with symmetry, preparing them to tackle the abstract concepts of algebra
and group theory.

Functional Analysis and Operator Theory

Elementary School (Ages 5-11)

1. Basic Arithmetic and Fractions: Develop a strong understanding of operations
on numbers and fractions. This lays the foundation for understanding how
operations on more abstract objects, like functions, can be defined.

2. Patterns and Sequences: Begin exploring sequences and simple functions (e.g.,
linear functions) to introduce the concept of mapping one set of numbers to
another.

Middle School (Ages 11-14)

1. Introduction to Functions: Introduce the formal definition of functions and allow
pupils to explore linear, quadratic, and exponential functions. Understanding how
to map inputs to outputs is fundamental for functional analysis.

2. Linear Equations and Systems: Teach pupils to solve systems of linear
equations. This introduces the idea of working with spaces of solutions, which is
key to operator theory.

3. Introduction to Vectors: Start introducing vectors as quantities with direction
and magnitude. This will pave the way for understanding vector spaces in high
school.

High School (Ages 14-18)

1. Advanced Functions and Mappings: Dive deeper into functions, including
transformations between functions (e.g., compositions of functions), and
introduce the concept of inverse functions. This helps develop the idea of
operators acting on spaces of functions.

2. Linear Algebra and Vector Spaces: Introduce the basics of linear algebra,
including vector spaces, linear transformations, and matrices. Functional
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analysis builds on these concepts, so understanding them early will give pupils a
head start.

3. Operator Basics: Teach the basics of operators as mappings between vector
spaces (e.g., matrix multiplication as an operator on vectors). Explore the notion
of eigenvalues and eigenvectors as special cases of operator action.

Extracurricular and Enrichment Activities:

e Programming Challenges: Encourage pupils to write programs that simulate
transformations or simple operators on functions or vectors. These challenges
can help reinforce concepts of operators as mappings while introducing pupils to
programming languages like Python.

e Interactive Math Software: Use interactive tools or apps that simulate functional
transformations and operator theory, such as Wolfram Alpha or GeoGebra. Pupils
can explore transformations visually, deepening their intuition of how operators
work.

e Guest Lectures and Workshops: Organise guest lectures by mathematicians or
engineers who work in applied fields like quantum mechanics or signal
processing, demonstrating the practical applications of functional analysis and
operator theory.

Summary of Trajectory:

e Elementary School: Begin by strengthening arithmetic skills and introducing
basic sequences and patterns to develop an intuitive understanding of operations
oh numbers.

e Middle School: Explore functions, linear equations, and systems, emphasising
how inputs map to outputs and laying the foundation for linear operators.

e High School: Dive deeper into linear algebra, focusing on vector spaces, linear
transformations, and operators acting on functions or vectors. Introduce matrix
operations and eigenvectors as specific cases of operators.

This trajectory builds a solid foundation in understanding functions, vector spaces, and
operators, leading pupils toward functional analysis and operator theory.

Category Theory

Elementary School (Ages 5-11)

1. Classification and Grouping: Introduce classification and sorting of objects
based on attributes. This lays the groundwork for category theory’s focus on
objects and their relationships.
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2. Patterns and Relations: Teach pupils about patterns, relationships, and the
concept of functions. Start with simple mappings and emphasise how objects
relate to each other, rather than focusing only on the objects themselves.

Middle School (Ages 11-14)

1. Sets and Functions: Dive deeper into sets, operations on sets, and functions as
mappings between sets. These ideas directly underpin category theory.

2. Equivalence and Relationships: Introduce equivalence relations and explore
how different sets can share similar structures. This is important for
understanding the idea of isomorphisms later.

High School (Ages 14-18)

1. Abstract Functions and Structures: Explore more complex functions and
mappings (e.g., bijections, inverses). Introduce the idea that the relationships
between objects (functions) can be as important as the objects themselves.

2. Basic SetTheory: Teach pupils about sets and the formal operations on them. Set
theory provides an essential foundation for category theory.

3. Isomorphisms and Homomorphisms: Begin exploring algebraic structures and
mappings that preserve structure, like isomorphisms and homomorphisms.
These ideas are central to category theory’s notion of morphisms between
objects.

Extracurricular and Enrichment Activities:

e Logic and Set Theory Games: Use puzzles and games that involve set theory,
logic, and structural relationships, like the card game Set, which helps pupils
practice recognising patterns and relationships between objects.

e Programming with Functional Languages: Introduce pupils to functional
programming languages like Haskell, which draw heavily from category theory
concepts. Coding exercises in these languages provide an opportunity to explore
abstract structures in a practical context.

e Cross-Disciplinary Projects: Encourage interdisciplinary projects that connect
category theory to otherfields, like physics or computer science, where pupils can
model structures and relationships. For example, exploring how category theory
is applied in software architecture can open their minds to its far-reaching
applications.

Summary of Trajectory:

e Elementary School: Introduce basic networks and relationships between objects
using real-world examples like family trees or transportation maps.

e Middle School: Begin teaching graph theory concepts through simple graphs,
exploring connectivity, vertices, edges, and cycles in an intuitive way.
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e High School: Explore more advanced topics such as Eulerian and Hamiltonian
paths, spanning trees, and algorithms for navigating networks. Focus on real-
world applications in optimisation and social networks.

This trajectory allows pupils to build an intuitive and formal understanding of networks
and graphs, preparing them for advanced work in graph theory and network science.

Graph Theory and Network Science

Elementary School (Ages 5-11)

1. Introduction to Simple Networks: Use simple, tangible examples like family
trees or maps to introduce pupils to the idea of networks and connections.

2. Patterns and Relationships: Explore how objects can be connected by
relationships. This could involve real-world examples like transport networks or
social networks.

Middle School (Ages 11-14)

1. Basic Graphs: Introduce graph theory through problems like the Seven Bridges of
Konigsberg or by discussing paths in networks. Start with simple concepts like
vertices and edges.

2. Connectivity and Cycles: Explore connectivity in graphs and introduce the
concept of cycles. This prepares pupils for more advanced work in network
science.

High School (Ages 14-18)

1. Advanced Graph Theory Concepts: Introduce more advanced graph theory
topics, such as Eulerian and Hamiltonian paths, trees, and spanning trees.

2. Applications of Graph Theory: Explore real-world applications of graph theory,
such as network optimisation, shortest path problems, and social network
analysis.

3. Introduction to Algorithms: Begin teaching algorithms like depth-first and
breadth-first search, which are key for understanding how to navigate and analyse
networks.

Extracurricular and Enrichment Activities:

e Graph-Themed Competitions: Participate in competitions that revolve around
problems in network science and graph theory, like the shortest path problem or
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Eulerian circuits. Many math and computer science competitions include these
topics as part of their challenges.

e Social Network Analysis: Have pupils analyse the structure of social networks
(perhaps even their own social media networks) using graph theory. This practical
application shows the relevance of graph theory to modern life.

e Computer Simulations of Networks: Encourage pupils to use coding tools to
simulate different types of networks (e.g., electrical circuits, traffic networks,
social networks) and explore how changing different variables affects the
structure and behaviour of the network.

o Field Trips to Tech Companies: Arrange visits to tech companies or research labs
where network science is applied, such as in data routing or web algorithms,
giving pupils a chance to see graph theory in action.

Summary of Trajectory:

e Elementary School: Focus on classification, grouping, and simple relationships
between objects and sets. Introduce basic functions as mappings.

e Middle School: Deepen understanding of sets and functions, emphasising how
objects relate to each other. Explore equivalence relations and how different
structures can share similar properties.

e High School: Teach formal set theory, explore complex functions and mappings,
and introduce isomorphisms and homomorphisms as structure-preserving maps.

This trajectory emphasises relationships and mappings between objects, guiding pupils
toward the abstract and structural thinking necessary for category theory.

Nonlinear Dynamics and Chaos Theory

Elementary School (Ages 5-11)

1. Patterns in Nature: Encourage pupils to observe and explore patterns in nature,
like spirals in shells or branching in trees, as early, intuitive introductions to
fractals and dynamic systems.

2. Simple Sequences: Work with simple humber sequences and explore patterns
and irregularities, laying the groundwork for understanding how small changes
can lead to unexpected outcomes.

Middle School (Ages 11-14)

1. Introduction to Functions: Begin teaching functions and explore how changing
inputs affects outputs. This idea is key to understanding nonlinear systems.
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2. Iteration and Feedback: Introduce pupils to iteration (e.g., repeated application
of afunction) and feedback loops in systems. This prepares them for concepts like
fixed points and chaos.

High School (Ages 14-18)

1. Exploration of Nonlinear Functions: Teach pupils to explore nonlinear functions
(e.g., quadratics, exponentials) and their behaviours. Begin to introduce the idea
of sensitivity to initial conditions.

2. Introduction to Dynamical Systems: Introduce basic dynamical systems and
explore how simple systems can behave in complex ways.

3. Introduction to Chaos Theory: Teach pupils about the basic principles of chaos
theory, including concepts like the butterfly effect and strange attractors.

Extracurricular and Enrichment Activities:

1. Fractal Art Projects: Encourage pupils to create their own fractal art or explore
fractal geometry by making Sierpinski triangles, Koch snowflakes, or Mandelbrot
sets. These projects help pupils visualise the self-similar, recursive structures that
are key in chaos theory.

2. Simulating Dynamical Systems: Use computer simulations to model nonlinear
systems, such as population growth or weather patterns. This gives pupils a
hands-on experience with chaos theory concepts, like sensitivity to initial
conditions.

3. Field Trips to Nature Reserves: Arrange trips to observe natural patterns, like the
branching of trees or spiral shells, and discuss how these relate to nonlinear
dynamics. This brings chaos theory into the real world, showing its prevalence in
nature.

4. Exploring the Butterfly Effect: Host movie screenings, like The Butterfly Effect,
followed by discussions on how small changes can have large impacts, tying back
to dynamical systems and chaos theory.

Summary of Trajectory:

e Elementary School: Introduce basic networks and relationships between objects
using real-world examples like family trees or transportation maps.

e Middle School: Begin teaching graph theory concepts through simple graphs,
exploring connectivity, vertices, edges, and cycles in an intuitive way.

e High School: Explore more advanced topics such as Eulerian and Hamiltonian
paths, spanning trees, and algorithms for navigating networks. Focus on real-
world applications in optimisation and social networks.

This trajectory allows pupils to build an intuitive and formal understanding of networks
and graphs, preparing them for advanced work in graph theory and network science.

Summary of Trajectory:
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e Elementary School: Encourage exploration of natural patterns, number
sequences, and feedback loops to develop an early intuition for complex
behaviour.

e Middle School: Introduce pupils to nonlinear functions and iteration,
emphasising how small changes can lead to large effects.

e High School: Teach advanced nonlinear functions and their behaviours, including
sensitivity to initial conditions. Introduce basic dynamical systems and explore
the foundational principles of chaos theory, such as the butterfly effect and
attractors.

This trajectory builds an early sense of how systems can behave unpredictably and
prepares pupils to engage with the complexities of nonlinear dynamics and chaos theory.

Mathematical Logic and Computability Theory

Elementary School (Ages 5-11)

1. Introduction to Logic: Introduce basic logical reasoning with puzzles and games
that involve deductive thinking.

2. Simple Algorithms: Teach pupils simple algorithms (e.g., following step-by-step
instructions), helping them understand the concept of a process that leads to a
result.

Middle School (Ages 11-14)

1. Boolean Logic: Introduce Boolean logic (AND, OR, NOT) through basic logic
puzzles and truth tables. This helps pupils understand the foundations of
computation.

2. Algorithmic Thinking: Teach pupils to design simple algorithms and explore how
computers follow step-by-step processes to solve problems.

High School (Ages 14-18)

1. Formal Logic and Proofs: Teach pupils formal logic and introduce logical
notation, including quantifiers (for all, there exists). This lays the groundwork for
understanding formal systems.

2. Introduction to Computability: Begin discussing the limits of computation,
including what can and cannot be solved by algorithms (e.g., the halting problem).

3. Basic Set Theory and Foundations of Mathematics: Introduce set theory and
explore foundational questions about mathematics and logic, such as Godel’s
incompleteness theorems.
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Extracurricular and Enrichment Activities:

e Logic Puzzle Challenges: Create logic puzzle competitions or clubs where pupils
solve increasingly complex problems involving deductive reasoning, Boolean
logic, and proof structures. Games like Sudoku or KenKen are great ways to hone
logical thinking.

e Programming Algorithms: Encourage pupils to write algorithms in coding clubs
that solve classic computability problems (such as sorting algorithms, search
algorithms, or the famous traveling salesman problem). These challenges
reinforce logic and algorithmic thinking.

e Exploring Al and Computability: Host a guest speaker or webinar with a
computer scientist or Al expert to discuss the role of logic and computability in the
development of modern Al systems, like ChatGPT. This connects the theory to
cutting-edge technology.

e Math-Themed Movie Nights: Show films like The Imitation Game (about Alan
Turing) and discuss the foundations of modern computing and how they are
rooted in mathematical logic and computability theory.

Summary of Trajectory:

e Elementary School: Introduce basic logical reasoning through puzzles, games,
and simple algorithms. Begin to develop deductive reasoning skills.

e Middle School: Teach Boolean logic and formalise algorithmic thinking.
Introduce truth tables and basic logical structures.

e High School: Explore formal logic, including logical notation, quantifiers, and
proofs. Introduce pupils to the limits of computation and basic set theory, leading
into discussions about computability and formal systems.

This trajectory develops rigorous logical reasoning and algorithmic thinking, providing
pupils with the tools to understand the foundations of computation and formal
mathematical logic.

Mathematical Grammar

Elementary School (Ages 5-11)

1. Number Sense and Place Value:
e Content: Develop a deep understanding of numbers, including place
value, decimals, and fractions. Pupils will learn to perform basic
operations (addition, subtraction, multiplication, and division) fluently.
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e Why It’s Important: Number sense is the foundation of all mathematical
operations and is critical for algebraic thinking, geometry, and early work in
probability.

e Link to Threads: Strong number sense is essential for understanding
algebraic expressions and operations in Abstract Algebra and provides the
numerical foundation for probability in Statistics and Nonlinear Dynamics.

2. Basic Arithmetic Operations:

e Content: Master the four operations with whole numbers, fractions, and
decimals, including understanding the properties of operations
(commutative, associative, distributive).

e Why It’s Important: Arithmetic fluency underpins all later work in algebra,
calculus, and discrete mathematics.

e Linkto Threads: Mastery of arithmetic is key to solving algebraic equations
in Abstract Algebra and essential for working with algorithms in Discrete
Mathematics.

3. Introduction to Geometry and Measurement:

e Content: Explore basic 2D and 3D shapes, area, perimeter, volume, and
measurement. Introduce pupils to symmetry and transformations
(reflection, rotation, translation).

e Why It’s Important: Understanding shapes and spatial relationships is
fundamental to geometry and topology.

e Link to Threads: This prepares pupils for understanding geometric
transformations in Topology and the use of spatial reasoning in Graph
Theory.

4. Basic Probability Concepts:

e Content: Introduce the concept of chance and probability through games
(coinflips, dice rolls), simple events, and combinations.

e Why It’s Important: Early exposure to randomness and probability lays the
groundwork for statistical reasoning.

e Link to Threads: Probability is foundational for Statistics, Nonlinear
Dynamics, and modelling random events in Graph Theory.

Middle School (Ages 11-14)

1. Algebraic Thinking and Expressions:

a. Content: Develop algebraic thinking, including working with variables,
expressions, linear equations, and inequalities. Introduce the concept of
solving for unknowns.

b. Why It’s Important: Algebra is the language of higher mathematics and a
gateway to more abstract concepts.

c. Link to Threads: Algebraic manipulation is necessary for understanding
structures in Abstract Algebra and for solving functional equations in
Calculus.

2. Proportional Reasoning:
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a. Content: Explore ratios, proportions, and percentages. Pupils will learn to
apply proportional reasoning to solve real-world problems.

b. Why It’s Important: Proportional reasoning is critical for understanding
scaling, rates of change, and similarity, which are fundamental in calculus
and trigonometry.

c. Linkto Threads: Proportional reasoning is necessary for Calculus (rate of
change), Trigonometry (ratios of triangle sides), and applied Graph Theory
(network flows).

3. Introduction to Trigonometry:

a. Content: Introduce basic trigonometric concepts such as sine, cosine,
and tangent, focusing on right triangles and their ratios.

b. Why It’s Important: Trigonometry is crucial for understanding periodic
phenomena, wave behaviour, and spatial reasoning.

c. Link to Threads: Trigonometry is used in Functional Analysis (Fourier
series), Nonlinear Dynamics (oscillations and waves), and Graph Theory
(cyclical networks).

4. Introduction to Functions:

a. Content: Explore the concept of functions, including linear, quadratic, and
simple transformations. Teach pupils to graph functions and understand
their properties.

b. Why It’s Important: Understanding functions is key for calculus,
functional analysis, and operator theory.

c. Link to Threads: Functions are foundational for Functional Analysis,
Nonlinear Dynamics, and modelling real-world systems in Mathematical
Modelling.

5. Foundations of Probability and Statistics:

a. Content: Introduce probability through events, independent/dependent
probabilities, and basic statistical measures (mean, median, mode,
variance).

b. Why It’s Important: Early statistical reasoning helps pupils understand
data, uncertainty, and randomness.

c. Link to Threads: Probability and statistics support Nonlinear Dynamics,
Mathematical Modelling, and risk assessment in Financial Mathematics.

6. Foundations of Discrete Mathematics:

a. Content: Teach set theory, basic combinatorics, graph theory, and logic.
Pupils will learn counting principles, factorials, and simple algorithms.

b. Why It’s Important: Discrete mathematics provides the foundation for
algorithmic thinking and combinatorial reasoning.

c. Link to Threads: Discrete math is crucial for Graph Theory, Abstract
Algebra, and Mathematical Logic.

High School (Ages 14-18)
1. Advanced Algebra and Polynomial Functions:

e Content: Explore polynomial equations, factoring, graphing quadratic
functions, and solving systems of equations.
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e Why It’s Important: Mastery of algebra is essential for calculus, group
theory, and functional analysis.
e Linkto Threads: Algebraic manipulation is key to understanding groups in
Abstract Algebra and operator actions in Functional Analysis.
2. Calculus:
e Content: Introduce limits, derivatives, and integrals. Explore real-world
applications of rates of change, optimisation, and area under curves.
e Why It’s Important: Calculus is foundational for modelling dynamic
systems and understanding continuous change.
e Link to Threads: Calculus is critical for understanding differential
equations in Nonlinear Dynamics and is foundational for Functional
Analysis and real-world Mathematical Modelling.
3. Complex Numbers:
e Content: Teach complex numbers, arithmetic with i, graphing on the
complex plane, and solving quadratic equations with complex solutions.
e Whylt’s Important: Complex numbers extend the real number system and
are essential for solving equations and modelling oscillations.
e Linkto Threads: Complex numbers are foundational for Abstract Algebra,
Graph Theory, and applications in Functional Analysis and Network
Science.
4. Advanced Trigonometry:
e Content: Explore the unit circle, trigonometric identities, and graphs of
sine, cosine, and tangent functions.
e Why It’s Important: Advanced trigonometry is essential for understanding
waves, periodic behaviour, and transformations.
e Link to Threads: Trigonometry is used in Functional Analysis (Fourier
series), Nonlinear Dynamics, and periodic structures in Graph Theory.
5. Probability and Statistics:
e Content: Teach probability distributions, expected value, hypothesis
testing, and inferential statistics.
e Why It’s Important: Statistics is essential for understanding data,
modelling randomness, and making informed decisions based on data.
e Link to Threads: Probability and statistics are critical in Nonlinear
Dynamics, Graph Theory, and risk modelling in Financial Mathematics.
6. Discrete Mathematics:
e Content: Explore advanced graph theory, recursion, algorithms, and logic.
Teach principles of algorithmic design and computational thinking.
e Why It’s Important: Discrete mathematics is critical for understanding
computational structures, algorithms, and logical reasoning.
e Link to Threads: Discrete math supports Graph Theory, Mathematical
Logic, and algorithmic applications in Network Science.
7. Numerical Methods:
e Content: Introduce techniques for numerically solving equations,
approximating integrals, and solving differential equations using
algorithms.
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e Why It’s Important: Numerical methods are necessary for solving
complex, real-world problems where exact solutions are not feasible.

e Link to Threads: Numerical methods are used in Functional Analysis,
Nonlinear Dynamics, and applied Mathematical Modelling.

8. Mathematical Proofs and Logic:

e Content: Teach formal proof techniques, including geometric proofs,
algebraic proofs, and proofs by induction. Explore logical reasoning and
quantifiers.

e Why It’s Important: Proofs and logical reasoning are essential for higher-
level abstract mathematics.

e Link to Threads: Proof techniques are foundational in Group Theory,
Category Theory, and Mathematical Logic.

Extracurricular and Enrichment Activities:

e Math Competitions: Encourage participation in competitions that involve
algebra, calculus, and logic-based problems.

e Programming and Coding: Use programming to explore numerical methods,
statistical models, and graph algorithms.

e Real-World Applications: Host workshops on mathematical modelling, financial
mathematics, or data science, showing pupils how grammar concepts are used in
real-world contexts.

Summary:

The Mathematical Grammar thread ensures that pupils develop a strong, versatile
mathematical foundation. By covering key areas such as arithmetic, algebra,
trigonometry, calculus, probability, statistics, discrete mathematics, and numerical
methods, this thread prepares pupils to access and excel in more advanced areas of
mathematics. By aligning the grammar thread with other threads, pupils will have the
necessary skills to engage with complex topics in topology, functional analysis, and
beyond.
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Appendix 3: Detailed Thread Example: Eigenvectors

1. Early Number Sense and Spatial Awareness (Biologically Primary
Mathematics)

e Concepts: Basic counting, recognising patterns, symmetry in objects.

e Activities: Children engage with number sense by counting objects and
observing patterns in nature (e.g., leaves, flowers) to develop an
understanding of symmetry and structure.

e Relevance: This builds early spatial awareness, which is crucial for
understanding transformations later.

2. Operations and Symmetry (Grades 1-3)

e Concepts: Arithmetic (addition, subtraction, multiplication), introduction
to basic shapes and transformations (reflection, rotation).

e Activities: Pupils learn about shapes and their properties, and practice
reflecting and rotating shapes, introducing them to the idea of symmetry,
which is central to linear transformations.

e Relevance: Understanding how objects move and transform lays the
groundwork for understanding how vectors might behave under
transformations.

3. Introduction to Algebra (Grades 4-6)

e Concepts: Variables, basic equations, and coordinate systems.

e Activities: Pupils begin using algebra to solve equations and plot points on
a Cartesian plane. They explore linear relationships, which is an important
stepping stone to understanding matrices.

e Relevance: Algebra introduces pupils to systems of equations, which
directly leads to matrix operations used in eigenvector/eigenvalue
analysis.

4. Basic Geometry and Transformations (Grades 6-8)

e Concepts: Further exploration of rotations, reflections, and translations in
2D and 3D.

e Activities: Pupils begin to work with geometric transformations using
matrices to represent these movements. They explore vectors as
quantities with direction and magnitude.

e Relevance: Matrix transformations are central to understanding
eigenvectors as directions that remain unchanged during transformation.

5. Linear Equations and Vectors (Grades 9-10)

e Concepts: Solving systems of linear equations, understanding vectors in
2D and 3D, introduction to matrices.

e Activities: Pupils solve systems of equations using matrix representations.
They explore vector spaces and linear combinations.

e Relevance: This builds a concrete understanding of vectors and matrices,
essential for comprehending eigenvectors as special vectors in linear
systems.

6. Matrices and Linear Transformations (Grade 11)
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e Concepts: Matrix multiplication, transformations, determinants, and
inverse matrices.

e Activities: Pupils practice performing matrix operations and explore how
matrices transform vectors. They begin to look at how transformations
preserve certain vector directions (hinting at eigenvectors).

e Relevance: Matrix multiplication introduces the key operations needed for
defining and solving eigenvector/eigenvalue problems.

7. Eigenvectors and Eigenvalues (Grade 12)

e Concepts: Formal definition of eigenvectors and eigenvalues, solving the
characteristic equation, applications in physics and data science.

e Activities: Pupils explore how specific vectors remain unchanged (except
for scaling) under matrix transformations, solving the characteristic
polynomial to find eigenvalues.

e Relevance: Eigenvectors and eigenvalues are applied to fields such as
quantum mechanics, computer graphics, and data analysis (e.g., Google’s
PageRank algorithm).
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Appendix 4: Non-Shortlisted Thread Candidates

1. Galois Theory

e Relevance: Central to the study of field extensions and polynomial
equations. Has applications in cryptography and coding theory. Could rise
in importance as cryptographic methods continue to evolve.

e Rationale for Non-Shortlist: Abstract and specialised, but potentially
usefulin future cryptographic advancements.

2. Representation Theory

e Relevance: Studies algebraic structures by representing elements as
linear transformations of vector spaces. Importantin quantum mechanics,
particle physics, and algebraic geometry.

e Rationale for Non-Shortlist: While important in advanced theoretical
physics, its applications outside of specialised fields are limited, for now.

3. Differential Geometry

e Relevance: Key in understanding the geometry of curves and surfaces.
Used in general relativity, robotics, and control theory. Increasingly
important in machine learning for understanding manifolds.

e Rationale for Non-Shortlist: It’s a deep, important area in physics and
data science but overlaps significantly with Topology and Geometry.

4. Homotopy Theory

e Relevance: An important area in algebraic topology that deals with the
properties of spaces that can be continuously transformed into each other.
Usefulin higher category theory and theoretical physics.

o Rationale for Non-Shortlist: Highly abstract, with applications primarily
in advanced mathematics and theoretical physics.

5. Algebraic Number Theory

e Relevance: Studies properties of integers using techniques from abstract
algebra. Key in modern cryptography, especially in elliptic curve
cryptography and factorisation algorithms.

o Rationale for Non-Shortlist: While relevant for specific applications, such
as cryptography, it is specialised and may not be essential for a broad
curriculum.

6. Non-Euclidean Geometry

e Relevance: Fundamental in the understanding of curved spaces. Used in
relativity theory and models of the universe. Also essential in some areas
of computer graphics.

e Rationale for Non-Shortlist: Covered somewhat by Topology and
Geometry, but its importance in specific applications makes it a potential
future candidate.

7. Fractal Geometry

e Relevance: Studies self-similar patterns and structures. Important in
modelling natural phenomena like coastlines, clouds, and trees. Used in
computer graphics and chaos theory.
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e Rationale for Non-Shortlist: While visually and conceptually intriguing, its

applications are largely confined to specific areas of natural modelling.
8. Information Theory

e Relevance: Deals with the quantification, storage, and communication of
information. Critical in digital communications, data compression, and
cryptography.

e Rationale for Non-Shortlist: Closelyrelated to the already included Graph
Theory and Network Science, but still a strong future candidate due to its
relevance in Al and data science.

9. Combinatorics

e Relevance: Essential in counting, arrangement, and structure, used in
computer science, cryptography, and operations research. It forms the
foundation for many algorithms and decision-making processes.

e Rationale for Non-Shortlist: While already influential in many fields, it is
typically absorbed into other areas, such as graph theory or algorithms,
rather than standing alone as a thread.

10. Measure Theory

e Relevance: Fundamental to probability theory, real analysis, and integral
calculus. It’s crucial for modern mathematical physics and economics,
especially in stochastic processes and financial mathematics.

e Rationale for Non-Shortlist: A powerful tool in advanced analysis and
probability, but perhaps too specialised for broad school-level curricula.

11. Game Theory

e Relevance: Studies strategic decision-making in competitive
environments. Applied in economics, political science, biology, and
artificial intelligence.

e Rationale for Non-Shortlist: Important for modelling competitive
systems, but this is often taught as a part of applied mathematics or
economics rather than a core mathematical thread.

12. Cryptography

e Relevance: Crucial for data security and encryption. Involves number
theory, group theory, and algebra. Essential for cybersecurity in an
increasingly digital world.

o Rationale for Non-Shortlist: While significant, cryptography is a field that
draws from multiple existing threads (especially algebra and number
theory), making it better suited as an application rather than a separate
thread.

13.Set Theory

e Relevance: Fundamental to the study of the structure of mathematical
objects. Used in logic, theoretical computer science, and foundational
mathematics.

e Rationale for Non-Shortlist: It underpins much of modern mathematics
but is typically absorbed into other areas such as logic or abstract algebra.

14. Optimisation Theory
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e Relevance: Critical for decision-making and problem-solving in
engineering, economics, and machine learning. Used extensively in data
science for algorithms.

e Rationale for Non-Shortlist: While highly applicable, optimisation theory
often functions as an applied subset of calculus, linear algebra, or
statistics, rather than as a standalone foundational thread.

15. Numerical Analysis

e Relevance: Focuses on designing algorithms to approximate
mathematical analysis problems. Crucial in computer simulations,
engineering, and applied mathematics.

e Rationale for Non-Shortlist: Importantin solving real-world problems but
often seen as more of an applied tool rather than a core theoretical thread.

16. Knot Theory

e Relevance: A branch of topology studying knots and their properties.
Applied in biology (DNA research), physics, and chemistry.

e Rationale for Non-Shortlist: Knot theory is intriguing and has specific
applications, but it may be too narrow to form one of the main threads of
the curriculum.

17.Stochastic Processes

e Relevance: Essential for modelling randomness in systems. Applied in
finance, physics, and queueing theory.

e Rationale for Non-Shortlist: Important for understanding probability in
dynamic systems, but often treated as part of a broader topic like
probability theory or statistics.

18. Projective Geometry

e Relevance: A generalisation of geometry dealing with projections and
intersections. Useful in art, computer vision, and physics.

e Rationale for Non-Shortlist: While historically important and still useful
in specific areas, it is not a top candidate for general mathematics
education at the school level.

19. Fourier Analysis

e Relevance: Breaks down functions into sine and cosine components.
Essential in signal processing, physics, and many fields of engineering.

e Rationale for Non-Shortlist: While crucial in applied mathematics,
Fourier analysis is often treated as a part of calculus or differential
equations, rather than standing on its own.

20. Algebraic Geometry

e Relevance: Studies solutions to systems of polynomial equations using
geometry. Applied in number theory, cryptography, and theoretical
physics.

o Rationale for Non-Shortlist: An advanced area with niche applications.
While highly important, it might be too specialised for broader educational
contexts.
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Appendix 5: Curriculum Key Ideas

Topology and Geometry

Elementary School (Ages 5-11)

Basic Shapes: Circles, squares, triangles, rectangles 4 ideas
Transformations: Reflection, rotation, translation 3ideas
Introduction to Symmetry: Symmetry in basic shapes and objects 1idea

TOTAL 8ideas

Middle School (Ages 11-14)

Geometric Properties: Perimeter, area, volume 3ideas
Coordinate Geometry: Points, lines, slopes, distances 3ideas
Transformations Expanded: Rotations in the plane, reflection symmetry, | 3 ideas
scaling
Introduction to Topology: Surfaces, simple deformations 2 ideas

TOTAL 11 ideas

High School (Ages 14-18)

Advanced Geometry: Trigonometry in geometry, proofs in Euclidean | 3ideas
geometry
Topology: Continuous deformations, Euler’s characteristic, simple | 3ideas
manifolds
Differential Geometry: Curvature, geodesics 2 ideas
TOTAL 8ideas

Abstract Algebra and Group Theory

Elementary School (Ages 5-11)

Introduction to Patterns: Repeating patterns, number sequences 2 ideas
TOTAL 2 ideas

Middle School (Ages 11-14)

Modular Arithmetic: Clock arithmetic, basic cyclic groups 2 ideas ‘

A Mathematics Manifesto Mark McCourt



Basic Properties of Operations: Commutativity, associativity, | 3ideas

distributivity

TOTAL 5ideas
High School (Ages 14-18)
Groups: Definition of a group, group operations, subgroups 3ideas
Symmetry Groups: Rotational and reflection symmetry as groups 2 ideas
Fields and Rings: Introduction to fields and rings, applications 2 ideas
TOTAL 7 ideas
Functional Analysis and Operator Theory
Elementary School (Ages 5-11)
Basic Patterns: Simple sequences and mappings 2 ideas
TOTAL 2 ideas
Middle School (Ages 11-14)
Linear Functions: Linear transformations, introduction to functions 3ideas
Basic Vectors: Magnitude and direction, vector operations 2 ideas
TOTAL 5ideas
High School (Ages 14-18)
Functions as Mappings: Function spaces, invertibility 2 ideas
Linear Operators: Differentiation, matrix multiplication as operators 2 ideas
Eigenvalues and Eigenvectors: Applications in transformations 2 ideas
TOTAL 6 ideas
Category Theory
Elementary School (Ages 5-11)
Classifying and Sorting: Simple object classification 1idea
TOTAL 1idea
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Middle School (Ages 11-14)

Sets and Mappings: Introduction to sets and functions 2 ideas
Equivalence Relations: Basic understanding of equivalence 1ideas
TOTAL 3ideas

High School (Ages 14-18)

Categories and Morphisms: Basic definitions, composition of morphisms | 3ideas

Isomorphisms and Homomorphisms: Structure-preserving mappings 2 ideas

TOTAL

5ideas

Graph Theory and Network Science

Elementary School (Ages 5-11)

Basic Networks: Simple examples of networks, connections 1idea
TOTAL 1idea
Middle School (Ages 11-14)
Basic Graph Theory: Vertices, edges, paths, cycles 3ideas
Connectivity: Connected graphs, simple trees 2 ideas
TOTAL 5ideas
High School (Ages 14-18)
Eulerian and Hamiltonian Paths: Definitions, examples 2 ideas
Spanning Trees: Minimum spanning tree, properties 2 ideas
Graph Algorithms: Shortest path, depth-first, breadth-first search 2 ideas
TOTAL 6 ideas
Nonlinear Dynamics and Chaos Theory
Elementary School (Ages 5-11)
Patterns in Nature: Observing simple natural patterns 1idea
TOTAL 1idea
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Middle School (Ages 11-14)

Nonlinear Functions: Introduction to nonlinear behaviour 2 ideas
Feedback Loops: Basic dynamic systems 1ideas
TOTAL 3ideas
High School (Ages 14-18)
Differential Equations: Simple ODEs, dynamic systems 2 ideas
Chaos Theory: Sensitivity to initial conditions, strange attractors 2 ideas
Fractals: Self-similar structures, basic fractal geometry 1ideas
TOTAL 5ideas
Mathematical Logic and Computability Theory
Elementary School (Ages 5-11)
Logical Puzzles: Basic puzzles and deductive reasoning 1idea
TOTAL 1idea
Middle School (Ages 11-14)
Boolean Logic: AND, OR, NOT operations 2 ideas
Simple Algorithms: Step-by-step processes, basic flowcharts 1ideas
TOTAL 3ideas
High School (Ages 14-18)
Formal Logic: Propositional logic, logical notation 2 ideas
Algorithmic Thinking: Writing simple algorithms, algorithm analysis 2 ideas
Computability: Turing machines, halting problem, decidability 2 ideas
TOTAL 6 ideas

Mathematical Grammar

Elementary School (Ages 5-11)
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Basic Arithmetic: Addition, subtraction, multiplication, division 4 ideas

Number Sense: Place value, decimals, fractions, even/odd numbers, | 5ideas
prime numbers
Basic Geometry: Shapes (circle, square, triangle, etc.), perimeter, area, | 5ideas
volume, angles

Simple Measurements: Length, weight, time, temperature, money 5ideas
Introduction to Probability: Simple events, likelihood, randomness 1idea
TOTAL 20 ideas

Middle School (Ages 11-14)

Algebra: Variables, expressions, solving equations, inequalities, linear | 5ideas
equations
Geometry: Transformations (reflection, rotation, translation), congruence, | 5 ideas
symmetry, Pythagoras’ theorem, coordinate geometry
Trigonometry: Right triangle ratios (sine, cosine, tangent), angles, unit | 3ideas
circle
Introduction to Functions: Linear, quadratic, graphing functions, slope, | 5ideas
intercepts
Probability and Statistics: Independent/dependent events, basic | 3ideas
statistics (mean, median, mode), probability distributions
Discrete Mathematics: Basic set theory, simple combinatorics, graphs | 3ideas
(vertices, edges)

Abstract Algebra: Intro to modular arithmetic, number theory 2ideas
Graph Theory: Simple graphs, paths, cycles, connectivity 2ideas
Nonlinear Dynamics: Simple dynamic systems, feedback loops 1idea
TOTAL 29 ideas

High School (Ages 14-18)

Advanced Algebra: Polynomials, factoring, solving systems of equations, | 4 ideas
quadratic formula
Calculus: Limits, differentiation, integration, Fundamental Theorem of | 4 ideas
Calculus
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Complex Numbers: Imaginary numbers, operations with complex | 3ideas

numbers, complex plane

Advanced Trigonometry: Trig identities, sine and cosine graphs, inverse | 3ideas

trig functions

Advanced Functions: Exponential, logarithmic, rational functions, | 4ideas

transformations

Statistics: Hypothesis testing, variance, standard deviation, regression 3ideas

Discrete Mathematics: Advanced combinatorics, recursion, algorithms 3ideas

Abstract Algebra and Group Theory: Group properties, fields, rings, | 4ideas

symmetries

Graph Theory and Network Science: Eulerian paths, Hamiltonian cycles, | 4 ideas

trees, spanning trees

Nonlinear Dynamics: Chaotic systems, attractors, bifurcations 3ideas

Mathematical Logic and Computability: Boolean logic, algorithms, | 4ideas

Turing machines, decidability

TOTAL 39ideas
Total Key Ideas Breakdown by Thread and School Phase:

Thread Elementary Middle High TOTAL

Topology and Geometry 8 11 8 27

Abstract Algebra and 5 5 2 14

Group Theory

Functional Analysis and

Operator Theory 2 5 6 13

Category Theory 1 3 5 9

Graph Theory and

Network Science ! 5 6 12

Nonlinear Dynamics and

Chaos Theory ! 8 5 9

Mathematl.c.al Logic and 1 3 6 10

Computability Theory

Mathematical Grammar 20 29 39 88

TOTAL 36 64 82 182
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Appendix 6: Threads by Grade

Topology and Geometry

Grade 1 (Ages 5-6)

e Basic Shapes: Introduction to recognising and naming basic 2D shapes such as
circles, squares, triangles, and rectangles.

e Basic Transformations: Introduction to movement concepts like sliding
(translation), flipping (reflection), and turning (rotation) with simple objects.

e Spatial Awareness: Understanding the concept of inside, outside, left, right, and
relative positions of objects.

Grade 2 (Ages 6-7)

e Shapes and Attributes: Further exploration of shapes by discussing attributes
like the number of sides, corners, and equal lengths.

e Symmetry: Begin identifying simple symmetrical shapes, especially in nature and
common objects.

e Simple Transformations: More focused practice on reflecting and rotating
objects on paper and physically.

Grade 3 (Ages 7-8)

e Perimeter and Length: Introduction to measuring the perimeter of simple shapes
using non-standard units (e.g., paper clips, string) and understanding length.

¢ Introduction to 3D Shapes: Recognising basic 3D shapes such as cubes,
spheres, cones, and cylinders, and distinguishing between 2D and 3D shapes.

e Symmetry: Expansion of symmetry to include vertical and horizontal axes in
everyday objects and patterns.

Grade 4 (Ages 8-9)

e Area and Perimeter: Calculating the perimeter and area of rectangles and
squares using standard units.

e Shape Composition: Combining and decomposing shapes to form larger or more
complex shapes (e.g., combining triangles to form squares or parallelograms).

e Reflections and Rotations: Deepening understanding of transformations by
working with patterns that reflect or rotate around a central point.

Grade 5 (Ages 9-10)
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e Advanced Perimeter and Area: Expanding to calculate the area and perimeter of
more complex shapes, like triangles and parallelograms.

e Coordinate Plane Introduction: Introduction to plotting points on a simple 2D
grid using positive numbers.

e Transformation Practice: Working with reflections and rotations in a more
structured way, using graph paper or software tools.

Grade 6 (Ages 10-11)

e Volume Introduction: Understanding the concept of volume, especially in cubes
and rectangular prisms. Simple volume calculations using unit cubes.

e Coordinate Geometry: Beginning to plot points in all four quadrants of the
coordinate plane and understanding simple relationships between coordinates.

e Translations and Scaling: Expanding on previous transformation concepts by
introducing the idea of scaling shapes up or down and translating them across a
plane.

Grade 7 (Ages 11-12)

e Properties of Polygons: Understanding the properties of polygons, focusing on
regular and irregular polygons, angles, and side lengths.

e Area and Volume of Composite Shapes: Calculating the area of more complex
shapes composed of basic shapes and the volume of composite 3D shapes.

e Coordinate Geometry: Distance between two points on a coordinate plane and
simple slope calculation.

Grade 8 (Ages 12-13)

e Introduction to Transformational Geometry: Learning about rotations,
reflections, translations, and dilations on the coordinate plane. Understanding
the relationship between transformations and congruence.

e Perimeter, Area, and Volume: More complex problems involving irregular
polygons, circles (introduction to ), and composite solids.

e Topology Introduction: Introducing the concept of topology through simple ideas
like deforming shapes without cutting or tearing (e.g., stretching a rubber band
into different shapes).

Grade 9 (Ages 13-14)

e Formal Geometry: Understanding angles, parallel and perpendicular lines, and
proofs in geometry.

e Coordinate Geometry: More complex coordinate geometry, including calculating
the slope of a line, midpoint, and distance between points using the distance
formula.
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e Topology: Basic topological concepts such as surfaces and edges, introducing
ideas like the Mdbius strip as an example of a non-orientable surface.

Grade 10 (Ages 14-15)

e Euclidean Geometry: Formal geometric proofs, trigonometric relationships in
right triangles, and the study of congruent and similar figures.

e Trigonometry: Introduction to the basics of sine, cosine, and tangent and their
application in solving problems involving right-angled triangles.

e Topology: Introduction to the concept of Euler’s characteristic and simple
classifications of surfaces.

Grade 11 (Ages 15-16)

e Coordinate Geometry in 3D: Introducing the third dimension in coordinate
geometry, working with points, lines, and planes in space.

e Advanced Trigonometry: Expanding on trigonometric functions to include the
unit circle, radian measure, and the use of trigonometry to solve real-world
problems.

e Topology: Exploring continuous deformations (homeomorphisms) and
understanding topological invariants.

Grade 12 (Ages 16-18)

o Differential Geometry: Introduction to the concept of curvature and geodesics,
applying basic calculus to the study of curves and surfaces.

e Manifolds and Topology: An exploration of simple manifolds, such as the torus
and sphere, and understanding their properties in both geometry and topology.

e Advanced Geometry and Proofs: Advanced geometric constructions, proofs
using vector and matrix methods, and the geometry of transformations.

Summary of Concepts Across Grades:

e Elementary School (Grades 1-5): Focus on basic shapes, simple
transformations, symmetry, and introductory spatial reasoning.

e Middle School (Grades 6-8): Develops understanding of perimeter, area, volume,
and introduces coordinate geometry and basic topology.

e High School (Grades 9-12): Deepens understanding of trigonometry, Euclidean
geometry, advanced transformations, and introduces more abstract topological
ideas and differential geometry.

Abstract Algebra and Group Theory
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Grade 1

Recognising Patterns: Introduction to identifying and describing simple patterns
in numbers and shapes. Recognising repetitive sequences and simple cycles
(such as alternating colours or shapes).

Basic Arithmetic Operations: Simple addition and subtraction using concrete
objects (e.g., counting apples or cubes). Introduction to understanding operations
as actions.

Grade 2

Building on Patterns: Continue exploring and extending patterns. Pupils will
explore how patterns can be constructed and predict the next elements in a
sequence.

Addition and Subtraction Mastery: Strengthen understanding of addition and
subtraction as operations, with attention to commutative properties (e.g., 3+ 2=
2 + 3). Begin introducing multiplication as repeated addition.

Grade 3

Introduction to Multiplication and Division: Explore multiplication as repeated
addition and division as repeated subtraction. Build fluency in these new
operations.

Patterns in Multiplication: Introduce multiplication tables and the patterns they
create, reinforcing how operations affect numbers.

Introduction to Symmetry: Basic exploration of symmetry in shapes and objects,
focusing on reflection symmetry.

Grade 4

Properties of Arithmetic Operations: Explore the commutative and associative
properties in multiplication and addition. Understand why the order of adding or
multiplying numbers does not change the result.

Inverses in Arithmetic: Introduction to the idea that subtraction is the inverse of
addition and division is the inverse of multiplication.

Symmetry Expansion: Explore more complex symmetry in 2D shapes and
introduce the concept of transformations (rotations, translations).

Grade 5

Commutative and Associative Properties: Deepen understanding of how the
commutative (a + b = b + a) and associative properties apply in real-world
arithmetic and simple algebraic expressions.

Factorisation: Begin introducing the concept of factors and multiples through
decomposing numbers into their component parts (e.g., 12=2 x 2 x 3).
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e Symmetry and Transformations: Introduce more complex geometric
transformations, linking them with the structure of operations and how numbers
interact.

Grade 6

e Introduction to Variables and Algebraic Expressions: Pupils begin working with
variables to represent unknown quantities in equations, linking operations with
symbolic representations.

e Expanded Symmetry Concepts: Explore more detailed geometric
transformations, such as rotations and reflections in the plane.

¢ Introduction to Simple Equations: Begin solving one-step equations, reinforcing
the connection between operations and their inverses.

Grade 7

e More Complex Algebraic Expressions: Work with multi-step algebraic
expressions and solve simple linear equations. Strengthen the link between
operations and symbolic algebra.

e Exploring Symmetry in 2D and 3D Shapes: Deepen the understanding of
symmetry in both 2D and 3D objects, exploring how different transformations
(rotations, reflections) can be combined.

¢ Introduction to Systems of Equations: Begin solving systems of simple linear
equations, learning how to combine and manipulate multiple equations.

Grade 8

e Solving Systems of Equations: Solve more complex systems of linear equations,
learning how different algebraic expressions interact.

e Cyclic Structures in Arithmetic: Introduction to cyclic structures in number
theory, showing how numbers repeat in cycles (modular arithmetic as a precursor
to groups).

e Basic Transformations and Group-Like Structures: Begin understanding
transformations as operations that can be combined and reversed, building the
foundation for understanding group operations.

Grade 9

¢ Introduction to Groups: Define a group as a set with an operation that satisfies
the properties of closure, associativity, identity, and inverses. Explore simple
examples, such as the symmetries of a square.

e Permutations: Introduce permutation groups, showing how elements in a setcan
be rearranged in different orders, and how this forms a group.

e Group of Symmetries: Deepen understanding of symmetry by exploring the group
of transformations for regular polygons (e.g., rotations of an equilateral triangle).
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Grade 10

e Cyclic Groups: Explore cyclic groups and how elements repeat in a cycle (e.g.,
modular arithmetic). Understand how cyclic structures underlie many group
operations.

e Subgroups: Introduce the concept of subgroups, or subsets of groups that
themselves satisfy the group properties.

e Applications of Group Theory: Begin exploring the practical applications of group
theory, such as symmetries in nature, physics, and art.

Grade 11

¢ Rings and Fields: Introduce rings (sets with two operations, typically addition and
multiplication) and fields (rings where division is also defined, like rational
numbers). Show how these extend the idea of groups.

e Group Homomorphisms: Begin exploring the concept of homomorphisms, or
structure-preserving maps between groups.

e Advanced Symmetry Groups: Explore the symmetry groups of 3D objects, such
as the cube, and how group theory applies to crystallography and molecular
structures.

Grade 12

e Advanced Group Theory Concepts: Explore more advanced group theory,
including isomorphisms (groups that are structurally the same) and
automorphisms (self-maps of a group).

e Applications in Cryptography and Coding Theory: Investigate how group theory
underpins modern cryptographic algorithms (e.g., RSA encryption) and error-
correcting codes.

e Group Actions and Symmetry: Study how groups act on sets and explore
applications in physics, computer science, and other fields.

Summary of Concepts Across Grades

e Grades 1-4: Introduce pupils to basic arithmetic operations, patterns, and
symmetry, laying the foundation for understanding structure and operations.

e Grades 5-8: Expand on arithmetic operations with properties like commutativity
and associativity, introduce variables, and begin exploring simple equations.
Symmetry and transformations become central, and the idea of groups begins to
emerge.

e Grades 9-12: Pupils formally encounter group theory, including cyclic groups,
permutation groups, and subgroups. They explore advanced algebraic structures
like rings and fields, and learn about real-world applications in cryptography,
coding theory, and symmetry in nature.
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Functional Analysis and Operator Theory
Grade 1

¢ Introduction to Functions: Understand the basic concept of a function as a
relationship between input and output (e.g., pressing a button produces a sound).
This lays the groundwork for more formalised function concepts in later years.

e Simple Input-Output Relations: Recognise basic input-output patterns, such as
“if you add 1 to a number, you get the next number.” This helps build the
conceptual framework for functional analysis.

Grade 2

¢ Functions in Everyday Contexts: Identify simple functions in real-life contexts,
such as turning a switch on and off (input-output). Understanding that certain
actions consistently produce specific outcomes is key to later studies of
operators.

e Exploring Number Operations: Pupils continue exploring the effect of adding,
subtracting, and multiplying numbers, reinforcing the idea of applying an
operation to an input to get an output.

Grade 3

e Patterns in Arithmetic: Begin recognising that operations such as addition and
subtraction can be seen as transformations applied to numbers. This builds
toward understanding functions as transformations of inputs to outputs.

¢ Introduction to Function Machines: Use simple “function machines” where an
input goes through a process (operation) to produce an output (e.g., input 3, add
2, output 5). This starts forming the basis for later functional and operator theory.

Grade 4

e Understanding Graphs of Functions: Introduce the concept of plotting simple
functions on a graph, where pupils can visualise the relationship between input
and output. Start with linear functions suchasy=xory=x+ 2,

e Operations as Functions: Explore how basic arithmetic operations (addition,
subtraction) act as functions mapping one number to another.

Grade 5

e Composing Functions: Introduce the idea that multiple functions can be
composed to create new functions (e.g., first add 2, then multiply by 3). This idea
is central to understanding operators later on.
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e Visualising Functions on a Graph: Explore more detailed graphing of functions,
including non-linear functions (e.g., y = x°). Visualising these transformations
helps connect the concept of operations to functional analysis.

Grade 6

e Inverses of Functions: Explore the idea of inverse functions, where an operation
can be undone by another (e.g., subtraction is the inverse of addition). This
prepares pupils for more abstract ideas of inverse operators.

e Functions and Mapping: Deepen understanding of functions as processes that
map inputs to outputs, reinforcing this with examples from arithmetic and
geometry (e.g., rotations as functions on shapes).

Grade 7

e Exploring More Complex Functions: Move into more complex functions, such as
quadratic functions (y = x°), and examine their behaviour on a graph.

¢ Introduction to Linear Functions: Explore linear functions (y = mx + b),
understanding how changing the slope or intercept changes the graph. These
concepts lay the foundation for linear operators in functional analysis.

Grade 8

e Composition of Transformations: Explore more complex transformations by
composing functions, such as rotating a shape and then reflecting it. This builds
an understanding of operators as compositions of functions.

e Exploring Inverse Functions Further: Apply inverse functions in algebraic
contexts, such as solving for x in y = 2x + 3. This reinforces the conceptual
framework needed for operator theory.

Grade 9

¢ Introduction to Linear Algebra: Begin introducing the concept of vectors and
linear transformations. Explore how linear functions can be applied to vectors and
matrices, preparing pupils for operator theory.

e Matrices as Operators: Introduce the idea that matrices can represent linear
transformations (or operators) applied to vectors. This helps transition from
arithmetic to the more abstract world of linear operators.

e Solving Systems of Linear Equations: Begin solving systems of linear equations
using matrices, setting the stage for understanding linear operators in vector
spaces.

Grade 10
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Grade

Grade

Introduction to Functional Analysis: Explore the idea of functions as objects in
their own right, rather than just processes that take inputs to outputs. This
introduces pupils to the idea that functions can be studied and manipulated as
mathematical entities.

Linear Operators: Study linear operators (transformations that preserve the
operations of addition and scalar multiplication) and apply them to vector spaces.
Use concrete examples like rotation and reflection matrices.

Applications of Operators: Explore real-world applications of operators in
contexts like physics (e.g., rotations and forces) and economics (e.g., linear
optimisation).

11

Normed Vector Spaces: Introduce the concept of normed vector spaces, where
functions (or vectors) have a length or size. This prepares pupils for understanding
spaces of functions in functional analysis.

Exploring Eigenvalues and Eigenvectors: Begin exploring eigenvalues and
eigenvectors in the context of matrix transformations. This connects linear algebra
to operator theory.

Functional Spaces: Discuss functional spaces (e.g., spaces of continuous
functions) and how these are important in studying operators. Show how this
abstraction is used in applied mathematics.

12

Operator Theory: Explore operator theory more formally, examining how linear
operators act on functional spaces. Introduce examples from physics, such as
operators in quantum mechanics (e.g., Hamiltonians).

Applications of Functional Analysis: Discuss how functional analysis is used in
areas such as optimisation, machine learning, and fluid dynamics. Connect
theoretical understanding to cutting-edge technology.

Advanced Eigenvalue Problems: Further explore eigenvalue problems in applied
contexts, showing how functional analysis and operator theory are central to
solving these problems in engineering and science.

Summary of Concepts Across Grades

Grades 1-4: Introduction to basic function concepts as input-output relationships
and simple operations. Pupils begin visualising functions as processes and
transformations.

Grades 5-8: Focus on composing functions, exploring inverse functions, and
deepening understanding of functions as objects. The groundwork for
understanding operations and transformations is laid.

Grades 9-12: Move into linear algebra and functional analysis, focusing on
operators, functional spaces, and real-world applications. By Grade 12, pupils are

A Mathematics Manifesto Mark McCourt

105




introduced to operator theory and its use in advanced mathematical and physical
contexts.

Category Theory

Grade 1

Basic Sorting and Classification: Pupils begin by sorting objects into categories
based on shared attributes (e.g., size, colour, shape). This introduces the idea of
classification, a foundational concept in category theory.

Understanding Relationships: Recognise basic relationships between objects,
such as larger vs. smaller, or heavier vs. lighter. This helps build early thinking
about objects and their interactions.

Grade 2

Expanded Classification: Classify objects into multiple categories
simultaneously (e.g., sorting by both colour and shape). Begin to recognise that
objects can belong to more than one category, introducing the idea of multiple
perspectives on the same objects.

Introduction to Sets: Begin exploring the idea of sets through simple exercises
where pupils group objects together based on common characteristics. This
introduces pupils to thinking about collections of objects.

Grade 3

Relationships Between Groups: Explore relationships between groups of
objects (sets), such as recognising that one group might be a subset of another.
Understand that objects in one set can have relationships with objects in another
set.

Introduction to Mapping: Start exploring the concept of mapping (or functions)
between sets, where objects in one set are paired with objects in another. This
prepares pupils for the concept of morphisms (arrows) between objects in
category theory.

Grade 4

More Complex Mappings: Explore mappings that pair multiple objects in one set
with objects in another. Begin discussing the idea that one set can map to another
in more complex ways, leading toward thinking about functions as relationships.
Inverse Mappings: Explore the idea that mappings can have inverses, where every
object in the output set maps back to the input set. This introduces the idea of
isomorphisms in category theory.
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Grade 5

Grade

Grade

Grade

Grade

Building on Set Theory: Strengthen the concept of sets and operations between
sets (e.g., unions, intersections, complements). Pupils begin to see how sets
interact and how relationships between sets can be structured.

Composition of Functions: Introduce the idea that two functions can be
composed to create a new function. This concept of composing mappings builds
directly toward category theory’s idea of morphism composition.

6

Relations and Functions: Explore functions in more depth, understanding how
one set of objects relates to another and how these relationships can be
represented using functions.

Introduction to Equivalence Relations: Introduce the concept of equivalence
relations, where objects are grouped together based on a shared relationship. This
forms the foundation for understanding categorical structures where objects are
grouped by their relations.

7

Refining Composition of Functions: Continue developing the idea of function
composition, applying this to more abstract relationships between sets. Pupils
will learn to think about how relationships themselves can be transformed.
Exploring Categories of Sets: Begin discussing sets as objects in a category,
where the relationships (functions) between sets form the morphisms. This is the
formal introduction to category theory, where pupils explore sets as categories.

8

Introduction to Categorical Structures: Pupils are introduced to categories
formally. Categories consist of objects (sets, in this case) and morphisms
(functions) between those objects. Explore simple categories, such as sets and
their functions.

Identity Morphisms: Introduce the concept of identity morphisms, where each
object (set) has a morphism that maps it to itself. This concept is fundamentalin
category theory.

Associativity of Composition: Explore the idea that the composition of
morphisms (functions) is associative, meaning that the order in which functions
are composed doesn’t change the result. This is another key principle of category
theory.

9
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Grade

Grade

Grade

Further Exploration of Categories: Explore more complex examples of
categories, such as categories of geometric shapes and their transformations.
Begin to study more abstract categories beyond sets.

Introduction to Functors: Introduce functors, which are mappings between
categories that preserve the structure of categories. Functors map objects in one
category to objects in another, and map morphisms between objects as well.
Applications of Functors: Explore how functors are used to relate different areas
of mathematics. For example, geometric transformations can be thought of as
functors between categories of shapes.

10

Natural Transformations: Introduce the concept of natural transformations,
which provide a way of relating functors. Natural transformations are mappings
between functors that preserve the relationships between categories.

More Advanced Functorial Thinking: Begin exploring more abstract functors and
their applications, such as using functors to relate algebraic structures (groups,
rings) to geometric objects.

Isomorphisms in Categories: Continue building on the concept of
isomorphisms, where objects and morphisms in one category are structurally the
same as those in another category.

11

Monoids and Categories: Introduce the concept of monoids (sets with an
associative binary operation and an identity element) and show how they relate to
categories. Pupils will learn that monoids are examples of categories with a single
object.

Functorial Relationships: Deepen understanding of functors and natural
transformations, applying these concepts to real-world mathematical problems.
Explore how functors relate different areas of mathematics.

Applications of Category Theory: Discuss how category theory is used in areas
such as computer science (e.g., programming languages, databases) and physics
(e.g., quantum mechanics).

12

Limits and Colimits: Introduce the concepts of limits and colimits in category
theory, which generalise the ideas of products and coproducts in algebra and
topology. These concepts are used to find universal properties of objects in
categories.

Advanced Functorial Applications: Explore advanced applications of functors
and natural transformations in different areas of mathematics. For example, use
functors to relate different algebraic structures, such as rings and modules.
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e Category Theory in Modern Mathematics: Discuss how category theory is used
in cutting-edge mathematical research, including homotopy theory, algebraic
geometry, and higher-dimensional categories.

Summary of Concepts Across Grades

e Grades 1-4: Early focus on sorting, classification, and basic set theory concepts.
Pupils begin understanding relationships between objects and how those
relationships can be structured.

e Grades 5-8: Formal introduction to functions, mappings, and the concept of
categories as structured sets. Pupils start exploring more abstract relationships
between sets and functions.

e Grades 9-12: Deep exploration of category theory concepts, including functors,
natural transformations, limits, and colimits. By Grade 12, pupils have a strong
understanding of how category theory applies to multiple areas of mathematics.

Graph Theory and Network Science

Grade 1

e Introduction to Simple Connections: Pupils begin to explore connections
between objects (e.g., connecting dots or drawing lines between points). This
introduces the concept of linking elements, a basic idea in graph theory.

e Basic Networks: Recognise simple networks in everyday contexts (e.g., family
trees orfriends in a classroom). Pupils explore how objects can be linked together,
forming a basic understanding of nodes and edges.

Grade 2

e Expanded Connections: Introduce more structured connections, such as pairing
elements in groups (e.g., matching pupils to desks). This builds on the concept of
relationships between objects.

e Visualising Networks: Simple visual representations of networks, such as
connecting points to form shapes (e.g., squares, triangles). This reinforces the
idea that nodes can be connected in different ways.

Grade 3

e Basic Graphs and Paths: Begin introducing the concept of paths in graphs. For
example, show how a pupil can “walk” from one point to another by following
edges in a graph.

e Exploring Networks in the Real World: Recognise basic networks in real life (e.g.,
transportation systems, neighbourhood maps), helping pupils understand how
graphs represent real-world connections.
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Grade 4

Simple Graphs: Introduce the idea of graphs as a collection of nodes (vertices)
connected by edges (lines). Pupils create simple graphs to represent relationships
between people, objects, or places.

Undirected and Directed Graphs: Introduce undirected graphs (where
connections go both ways) and directed graphs (where connections go one way).
Explore simple examples like directional street maps.

Grade 5

Degrees of a Node: Introduce the concept of the degree of a node (how many
edges are connected to it). Explore how different nodes can have different
degrees, helping pupils understand the structure of graphs.

Cycles in Graphs: Begin exploring cycles in graphs, where a path starts and ends
at the same node. This lays the foundation for more complex graph theory
concepts like Eulerian and Hamiltonian paths.

Network Diagrams: Use network diagrams to visualise relationships in graphs,
reinforcing the idea that graphs can represent many kinds of real-world structures.

Grade 6

Introduction to Trees: Introduce the concept of a tree as a special kind of graph
with no cycles. Use real-world examples like family trees or organisational charts
to show how trees work.

Connected Graphs: Explore connected graphs, where every node can be reached
from every other node. Help pupils understand the importance of connectivity in
graphs and networks.

Graph Colouring: Introduce the idea of graph colouring, where each node is
assigned a colour, and no two connected nodes can have the same colour. This
introduces combinatorial thinking and prepares pupils for more advanced topics
in graph theory.

Grade 7

Weighted Graphs: Introduce weighted graphs, where each edge has a value or
weight. Use examples like transportation networks (where weights represent
distances) to show how weighted graphs are used.

Exploring More Complex Trees: Build on the concept of trees by exploring more
complex tree structures, such as binary trees. Use examples from computer
science (e.g., decision trees) to show real-world applications.

Paths and Shortest Paths: Introduce the idea of finding the shortest path
between two nodesinagraph. Use simple examples like finding the quickest route
between two places on a map.
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Grade 8

e Graph Traversal Algorithms: Introduce simple graph traversal algorithms, such
as breadth-first search (BFS) and depth-first search (DFS). Help pupils understand
how these algorithms are used to explore graphs and find paths.

e More Complex Cycles and Paths: Explore more complex cycles and paths, such
as Hamiltonian and Eulerian paths. Use puzzles and real-world examples (e.g., the
Seven Bridges of Kdnigsberg) to introduce these concepts.

e Social Networks: Explore how graph theory applies to social networks, showing
how people can be connected through nodes and edges. Discuss concepts like
“degrees of separation” and how networks influence communication.

Grade 9

e Planar Graphs: Introduce the concept of planar graphs, where the graph can be
drawn on a plane without any edges crossing. Explore the applications of planar
graphs in geography and map-making.

e Graph Isomorphisms: Introduce the idea of graph isomorphisms, where two
graphs are structurally the same even if they look different. Help pupils recognise
when graphs are equivalent.

e Networks and Flow: Begin exploring how flow works in networks (e.g., water flow
through pipes, traffic flow through streets). Use real-world examples to show how
graph theory helps solve problems in network design.

Grade 10

e Advanced Graph Algorithms: Explore more advanced graph algorithms, such as
Dijkstra’s algorithm for finding the shortest path in weighted graphs. Introduce
pupils to the idea of using algorithms to solve real-world graph problems.

e Graph Theory in Technology: Explore how graph theory is used in modern
technology, such as the internet (routing algorithms) and search engines (link
analysis). Show pupils how graph theory helps structure large-scale networks.

e Bipartite Graphs: Introduce bipartite graphs, where nodes are divided into two
sets, and edges only connect nodes from different sets. Explore examples like job
assignment problems and matching in graphs.

Grade 11

e Graph Connectivity and Cuts: Explore the concept of graph connectivity and
cuts, where a graph is divided into separate parts by removing certain edges or
nodes. Discuss how this conceptis used in network design to ensure robustness.

e Network Flow Algorithms: Introduce network flow algorithms, such as the Ford-
Fulkerson algorithm, to show how flow is maximised in networks. Explore real-
world applications, such as traffic systems and logistics networks.
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e GraphTheory in Biology: Discuss how graph theory is applied in biology, such as
modelling ecosystems, food webs, and genetic networks. Show how graphs help
scientists understand complex biological systems.

Grade 12

e Advanced Topics in Network Science: Explore more advanced topics in network
science, such as small-world networks and scale-free networks. Discuss how
these types of networks appear in nature, technology, and society.

e Graph Theory in Cryptography: Introduce pupils to the role of graph theory in
cryptography, showing how secure communication is built on complex networks
of relationships.

e Applications in Machine Learning and Al: Explore how graph theory and network
science are used in machine learning and artificial intelligence, such as in
recommendation systems (e.g., social media, e-commerce platforms).

Summary of Concepts Across Grades

e Grades 1-4: Pupils begin exploring simple connections between objects and
basic graphs. They learn to recognise and represent real-world relationships in
graphical form.

e Grades 5-8: Pupils are introduced to more formal graph theory concepts, such as
cycles, trees, and paths. They explore weighted graphs, graph colouring, and the
importance of connectivity.

e Grades 9-12: Advanced graph theory and network science concepts are
introduced, including graph algorithms, network flow, and real-world applications
in technology, biology, and cryptography.

Nonlinear Dynamics and Chaos Theory
Grade 1

e Introduction to Patterns: Explore basic repeating and growing patterns in
numbers, shapes, and colours (e.g., alternating colours, increasing sequences).
These patterns introduce pupils to the idea of predictable and repeating
behaviours in systems.

e Simple Growth Sequences: Introduce simple sequences that grow or shrink
(e.g., counting by twos or fives). This prepares pupils for the concept of dynamic
systems where values change over time.

Grade 2
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e Exploring More Complex Patterns: Build on Grade 1 by exploring more complex
patterns in everyday objects and numbers. Pupils are encouraged to predict the
next elementin a sequence and explain why.

¢ Introductionto Number Sequences: Begin looking at simple number sequences
and understanding how they can represent growth or decay. Examples include
sequences that add or subtract a constant amount.

Grade 3

e Exploring Systems: Introduce the concept of a system as something that
changes over time (e.g., plants growing, water freezing). This helps pupils begin
thinking about how systems evolve and change.

¢ Introduction to Predictability: Pupils explore what it means for a system to be
predictable (e.g., knowing what happens nextin a sequence or pattern). They learn
that some systems are easier to predict than others.

Grade 4

e Patterns in Nature: Explore patterns found in nature, such as spirals in shells or
branching in trees. This introduces pupils to the idea that natural systems often
follow predictable patterns, but sometimes show unexpected behaviours.

¢ Introducing Time Sequences: Begin exploring sequences that change over time,
helping pupils think about systems that evolve. Examples could include tracking
the phases of the moon or the growth of a plant.

Grade 5

e Exploring Nonlinear Patterns: Introduce nonlinear patterns, such as exponential
growth or decay. This helps pupils begin understanding that not all systems
change in straight lines, preparing them for more complex behaviours in later
grades.

e Real-World Nonlinear Growth: Use real-world examples, like population growth,
to show how nonlinear change occurs. Begin discussing how some systems grow
faster and faster, while others slow down.

Grade 6

e Understanding Feedback in Systems: Introduce the idea that some systems
change because of feedback, where the output of a system affects its input. This
can lead to growth (positive feedback) or stability (negative feedback).

e Simple Dynamical Systems: Begin exploring simple dynamical systems where
pupils can see how a system evolves over time. For example, bouncing a ball or
watching how water levels change in a tank.
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Grade

Grade

Grade

Grade

Predictability vs. Unpredictability: Discuss the difference between systems that
are easyto predict (e.g., regular patterns) and those that are harder to predict (e.g.,
systems that have unexpected changes).

7

Introduction to Chaos and Sensitivity to Initial Conditions: Begin exploring the
idea that some systems are very sensitive to small changes in initial conditions,
leading to very different outcomes. This is a key concept in chaos theory, often
referred to as the “butterfly effect.”

Simple Nonlinear Equations: Explore simple nonlinear equations that describe
how systems change over time. These could include exponential growth or simple
logistic models of population growth.

Dynamic Systems in Nature: Explore real-world dynamic systems, such as
weather patterns or ecosystems, that are sensitive to small changes and can
behave unpredictably.

8

Exploring More Complex Dynamical Systems: Introduce more complex
dynamic systems, such as predator-prey models, where one population affects
another. Pupils will explore how these systems can exhibit oscillatory behaviour
(cycles of growth and decline).

Fractals in Nature: Introduce the concept of fractals, where patterns repeat at
different scales. Explore fractals in nature, such as the branching of trees or the
shapes of coastlines, as examples of how chaos can produce complex patterns.
Chaotic Behaviour in Simple Systems: Explore simple systems, such as
pendulums or water flow, that can exhibit chaotic behaviour. Pupils will learn that
even simple systems can become unpredictable under certain conditions.

9

Nonlinear Equations and Their Solutions: Begin exploring nonlinear equations
that describe more complex systems, such as quadratic or cubic equations. Show
how these equations can lead to multiple solutions or no solutions at all.
Introduction to Chaos Theory: Formal introduction to chaos theory and its key
ideas, including sensitivity to initial conditions and the unpredictability of certain
systems.

Exploring Chaotic Systems: Use computer simulations or simple experiments to
explore chaotic systems, such as double pendulums or dripping faucets. These
examples show how simple rules can lead to unpredictable behaviour.

10
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Grade

Grade

Dynamic Systems and Stability: Explore how some systems are stable (they
return to a steady state) while others are unstable (they grow without bound or
behave chaotically). Use real-world examples like population dynamics or
chemical reactions to illustrate these ideas.

Bifurcation and the Onset of Chaos: Introduce the concept of bifurcation, where
a small change in a system’s parameters can lead to a sudden change in its
behaviour, such as the onset of chaos.

Nonlinear Dynamics in Technology: Discuss how nonlinear dynamics and chaos
theory are used in technology, such as in the design of secure communication
systems or weather forecasting models.

11

Advanced Chaos Theory Concepts: Explore advanced chaos theory concepts,
such as strange attractors, which describe how chaotic systems evolve in
complex and unpredictable ways over time. Use computer simulations to
visualise these attractors.

Application of Chaos in Real-World Systems: Show how chaos theoryis applied
to real-world systems, such as weather prediction (the “butterfly effect”), stock
market fluctuations, and population dynamics.

Fractals and Scaling: Explore more advanced fractal geometry and its
application in both natural and man-made systems, such as the design of
networks or the analysis of biological growth patterns.

12

Nonlinear Dynamics in Physics and Engineering: Explore how nonlinear
dynamics is used in physics (e.g., fluid dynamics, turbulence) and engineering
(e.g., designing stable systems in electronics or mechanical systems).

Advanced Chaos Theory and Predictability: Discuss the limits of predictability
in chaotic systems, and how scientists and engineers use chaos theory to
understand the behaviour of complex systems.

Nonlinear Systems and Applications in Technology: Investigate how nonlinear
dynamics and chaos theory are applied in modern technologies, such as
cryptography, computer algorithms, and machine learning.

Summary of Concepts Across Grades

Grades 1-4: Early focus on understanding patterns, sequences, and growth in
natural and numerical systems. Pupils begin to understand how systems can
evolve and change over time.

Grades 5-8: Introduction to nonlinear systems and feedback mechanisms, laying
the groundwork for understanding dynamic systems and chaos. Pupils explore
real-world systems and begin recognising unpredictable behaviour.
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e Grades 9-12: Formal introduction to chaos theory, bifurcation, and advanced
nonlinear dynamics. Pupils explore real-world applications of chaos theory and
nonlinear systems in technology, physics, and other disciplines.

Mathematical Logic and Computability Theory
Grade 1

e Introduction to Simple Logic: Begin with simple logic problems, such as
identifying whether a statement is true or false. Pupils explore basic reasoning by
deciding whether everyday statements are correct or incorrect.

e Logical Connections: Introduce the idea of simple connections between
statements (e.g., “and,” “or,” “not”). Use everyday examples, such as “if itis raining
AND | have an umbrella, then | will stay dry.”

Grade 2

¢ Building on True/False Statements: Continue exploring true/false statements
and begin combining simple statements using “and” and “or” to create more
complex logical conditions.

¢ Introduction to Patterns and Sequences: Simple reasoning problems based on
number and shape patterns help pupils think logically about how elements follow
arule or pattern.

Grade 3

e Basic Logical Reasoning: Explore more complex reasoning tasks where pupils
use multiple pieces of information to make a decision (e.g., “If | finish my
homework AND it is sunny, | can play outside”). These exercises help build the
foundation for logical deduction.

e Introduction to Conditionals: Introduce conditional logic with “if...then’
statements. Pupils practice understanding consequences (e.g., “If itis cold, then
| will wear a jacket”).

H

Grade 4

¢ Introduction to Logical Puzzles: Begin using logical puzzles where pupils must
deduce the correct solution based on clues (e.g., “Who owns the red car?” logic
puzzles). This helps pupils develop skills in deduction and inference.

e Basic Problem-Solving with Logic: Continue exploring logical reasoning in
simple problem-solving contexts, such as math word problems where multiple
conditions must be satisfied to find the correct answer.

Grade 5
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¢ Introduction to Proof by Exhaustion: Pupils are introduced to the idea of
systematically checking all possible cases to prove that a statement is true or
false. This helps them understand the importance of structure in logical
reasoning.

e Basic Logical Connectives: Deepen understanding of “and,” “or,” and “not” with
more formal practice. Pupils begin to understand how to combine logical
statements in structured ways.

Grade 6

e Simple Logical Statements in Mathematics: Begin using logical reasoning
within mathematics itself, such as deciding whether statements about number
properties (e.g., “All even numbers are divisible by 2”) are true or false.

e Introduction to Simple Algorithms: Explore the idea of an algorithm as a
sequence of steps to solve a problem. Pupils begin working with simple
algorithms (e.g., following steps to sort numbers or shapes).

e Proofs in Mathematics: Introduce simple proofs, where pupils provide reasons
why a mathematical statement is true. This can include basic geometric proofs or
number-theory statements.

Grade 7

e Exploring More Complex Logic Puzzles: Pupils work with more complex logical
puzzles, such as “Who stole the cookies?”-style problems where they must
deduce the answer from a set of clues. This builds formal logical thinking skills.

e Introduction to Sets and Logic: Explore set theory and how sets can be
combined or intersected using logical operations. This introduces pupils to the
foundational concepts of logic in mathematics.

e Developing Algorithmic Thinking: Build on the idea of algorithms by introducing
flowcharts or step-by-step procedures for solving problems. Pupils begin to
understand how computers use logic to solve problems.

Grade 8

e Logical Operators in Algebra: Explore logical operators (e.g., conjunction,
disjunction, negation) within algebraic contexts. Pupils begin understanding that
logic applies to both numbers and statements.

¢ Introduction to Truth Tables: Introduce truth tables, which allow pupils to
explore all possible combinations of truth values for logical statements. Truth
tables help pupils understand how compound statements are evaluated.

e Simple Recursive Algorithms: Explore recursive algorithms, where a problem is
solved by breaking it into smaller subproblems. Use simple examples, such as the
Fibonacci sequence, to introduce recursion.
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Grade 9

Grade

Grade

Grade

Formal Introduction to Proof Techniques: Begin formally teaching proof
techniques, such as direct proof and proof by contradiction. Pupils practice using
logical reasoning to justify mathematical statements.

Propositional Logic: Introduce propositional logic, where statements are
represented using variables (e.g., p, q) and logical connectives. Pupils learn to
manipulate and evaluate these statements systematically.

Introduction to Computability: Explore the idea of computability, where pupils
begin to understand what kinds of problems can be solved by following a set of
instructions (an algorithm). Discuss the importance of logic in designing
computer programs.

10

Predicate Logic: Build on propositional logic by introducing predicate logic,
where statements include variables and quantifiers (e.g., “for all,” “there exists”).
Pupils learn how to write logical statements in a more structured way.
Algorithms and Efficiency: Explore more complex algorithms and introduce the
idea of efficiency. Pupils compare different algorithms for solving the same
problem and discuss which one is more efficient.

Exploring Computability and the Limits of Algorithms: Begin exploring more
advanced ideas in computability theory, such as the limits of what can be
computed. Introduce basic problems that are known to be unsolvable by
algorithms.

11

Advanced Proof Techniques: Continue developing proof techniques, introducing
more complex methods such as induction and counterexample. Pupils begin
working with more formal mathematical proofs.

Formal Computability Theory: Introduce more formal ideas in computability
theory, such as Turing machines and the Church-Turing thesis. Pupils learn how
mathematicians model computation and explore problems that are computable
versus those that are not.

Exploring Algorithms in Logic: Study algorithms used to solve logical problems,
such as satisfiability problems (e.g., determining whether a logical statement can
be made true). Discuss how logic is used in computer science to design
algorithms.

12

Godel’s Incompleteness Theorems: Introduce pupils to Godel’s
incompleteness theorems, which show that in any sufficiently powerful formal
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system, there are statements that cannot be proven to be true or false. This
highlights the limits of formal logic.

e Complexity Classes and Computability: Explore the idea of complexity classes
(e.g., P vs. NP), where pupils learn about problems that are easy to solve (P) and
those that are hard to solve (NP). This introduces them to one of the most
important unsolved problems in computer science.

e Applications of Logic and Computability in Technology: Discuss how
mathematical logic and computability theory are applied in modern technology,
such as in designing secure communication systems, artificial intelligence, and

cryptography.
Summary of Concepts Across Grades

e Grades 1-4: Early introduction to simple logic, true/false statements, and basic
reasoning. Pupils learn to combine simple statements and explore logical
patterns in everyday life.

e Grades 5-8: Introduction to more formal logical reasoning, proofs, and the
beginnings of algorithmic thinking. Pupils begin to explore truth tables, simple
algorithms, and logical connectives.

e Grades 9-12: Formal study of logic, including propositional and predicate logic,
proof techniques, and computability theory. Pupils explore the limits of
computation and applications of logic in technology.

Mathematical Grammar
Grade 1

e Number Sense and Counting: Introduction to basic number concepts (counting
up to 100, skip counting, and basic place value with ones and tens) in base 10.

e Basic Arithmetic Operations: Addition and subtraction within 20 using physical
objects and visual aids in base 10.

¢ Introduction to Multiple Bases: Introduction to base 2 (binary) using simple
counting and addition to develop the concept of place value beyond base 10.

e Shapes and Spatial Reasoning: Recognising and naming basic 2D shapes (circle,
triangle, square) and simple patterns.

Grade 2

e Expanded Place Value: Working with numbers up to 1000 in base 10, exploring
hundreds, tens, and ones. Pupils also expand to base 5, using objects and visual
models.

e Addition and Subtraction Mastery: Mastering operations within 100, including
regrouping in base 10 and applying similar techniques in base 2 and base 5.
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¢ Introduction to Measurement: Using non-standard and standard units (e.g.,
length with rulers).

e Shapes and Simple Symmetry: Recognising and drawing simple 3D shapes
(cube, sphere) and identifying basic symmetry.

Grade 3

e Multiplication and Division Introduction: Exploring concepts using arrays and
visual models (multiplication up to 10x10) in base 10 and expanding to base 4.

e Decimals and Fractions Basics: Simple fractions (1/2, 1/4) and introduction to
decimals as parts of whole numbers in base 10.

e Perimeter and Area Basics: Measuring and calculating the perimeter and area of
simple 2D shapes.

¢ Introduction to Probability: Simple probability with coin flips and dice rolls.

Grade 4

e Expanded Place Value: Working with numbers up to 10,000 and introducing
decimals up to two places in bases 10, 4, and 8.

e Operations with Larger Numbers: Multi-digit addition, subtraction, and early
multiplication techniques across multiple bases (base 10 and base 6).

e Fractions and Decimals: Adding and comparing fractions, understanding
equivalent fractions in base 10.

e Geometry: Understanding lines, angles, and basic transformations (reflection,
rotation).

Grade 5

e Mastering Fractions and Decimals: Operations with fractions and decimals,
including converting between them in base 10.

e Multi-Digit Multiplication and Division: Solving problems with multi-digit
numbers using strategies like the distributive property in bases 10 and 12.

e Measurement Concepts: Introduction to volume and converting between units
(e.g.,cmto m).

e Basic Probability and Combinatorics: Introduction to combinations and
predicting outcomes of simple events.

Grade 6

¢ Introduction to Negative Numbers: Understanding and operating with negative
numbers on the number line.

e Arithmetic in Multiple Bases: Continued practice with bases (base 2 through
base 16) to reinforce the concept of place value and prepare for algebraic thinking.

e More Complex Fractions: Multiplication and division of fractions and mixed
numbers in base 10.
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e Area and Volume Mastery: Calculating the area of irregular shapes and the
volume of 3D shapes (e.g., cubes, rectangular prisms).

e Introduction to Algebraic Thinking: Solving simple equations and introducing
variables as preparation for algebra in an unknown base.

Grade 7

e Proportional Reasoning: Understanding ratios, rates, and percentages, with
applications in multiple bases (e.g., base 5, base 12).

¢ Introductionto Algebrain Generalised Base: Algebraic thinkingis introduced as
working in an unknown base, connecting the concept of place value across
different bases to variables.

e Geometry and Transformations: Understanding congruence and similarity,
exploring reflections, rotations, and translations in the coordinate plane.

¢ Introduction to Functions: Exploring linear functions and graphing them on the
coordinate plane.

Grade 8

e Algebraic Manipulation in Multiple Bases: Solving equations and manipulating
expressions using the concept of an unknown base. Pupils practise switching
between bases to deepen understanding.

e Solving Multi-Step Equations: Solving equations involving parentheses,
distribution, and multiple steps using the generalised base approach.

¢ Introduction to Pythagorean Theorem: Applying it to solve problems involving
right triangles.

e Basic Trigonometry: Introduction to sine, cosine, and tangent in right triangles.

Grade 9

e Polynomial Operations: Addition, subtraction, and multiplication of polynomials
using a generalised base approach.

e Foundations of Probability: Probability with independent and dependent events,
and introduction to permutations and combinations.

e Graphing Quadratic Functions: Introduction to parabolas and their properties,
connecting to algebra in a generalised base.

e Algebraic Expressions and Inequalities: Solving systems of equations and
inequalities graphically and algebraically.

Grade 10

e Advanced Algebra: Mastery of factoring techniques, quadratic equations, and
their applications using the generalised base approach.

e Trigonometry Expansion: Exploring the unit circle, trigonometric identities, and
graphs of trigonometric functions.
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Grade

Functions and Transformations: Investigating function transformations,
including shifts, stretches, and reflections.

Probability Distributions: Introduction to normal distribution, mean, and
standard deviation.

11

Introduction to Calculus: Basic concepts of limits, derivatives, and introductory
integration.

Complex Numbers: Understanding the complex plane, operations with complex
numbers, and solutions to quadratic equations with complex solutions.
Advanced Probability and Statistics: Hypothesis testing, probability
distributions, and introduction to inferential statistics.

Discrete Mathematics: Introduction to graph theory, logic, and algorithms.

12

Calculus Mastery: In-depth study of derivatives, integration techniques, and
applications to real-world problems.

Advanced Trigonometry and Complex Analysis: Fourier series and exploring
trigonometric identities in depth.

Numerical Methods: Techniques for solving equations numerically and
approximating solutions to differential equations.

Mathematical Proofs and Logic: Formal proof methods, including induction and
contradiction, with applications in various fields like abstract algebra and
topology.

Summary of Concepts Across Grades

Grades 1-3: Pupils develop a basic understanding of humber sense and place
value, learning arithmetic in base 10 alongside simple bases like base 2 and base
5. Introduction to basic geometry (2D shapes) and measurement concepts
begins.

Grades 4-6: Pupils expand their understanding of arithmetic by working in bases
such as base 6, base 8, and base 10. Mastery of multi-digit operations, fractions,
and decimals is emphasised. Geometry concepts, including area, perimeter, and
volume, are introduced alongside symmetry and transformations.

Grades 7-9: Algebrais framed as working with an unknown base, building on place
value concepts from earlier grades. Pupils explore proportional reasoning, early
trigonometry, and graphing functions. Probability concepts and combinatorics are
introduced, deepening understanding of data and randomness.

Grades 10-12: Advanced algebra (polynomial operations, quadratic equations)
and trigonometry (unit circle, identities) are explored, alongside an introduction to
calculus (limits, derivatives). Complex numbers, probability distributions, and
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numerical methods are introduced, preparing pupils for higher-level mathematics
and interconnected applications.
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